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Conceptual Competence and Children's Counting 
James G. Greeno and Mary S. Riley 
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AND 

ROCHEt GeLMAN 

University of Pennsylvania ^ ' . 

A frainevvork is presented for characterizing competence for cognitive tasks,, 
with. a detailed hypothesis about corh^^^^ by_ty pica! 5-y ear-bid 

. children, it is proposed that competence has three main components that are 
called conceptual, _Pr9*^eduraK ^nd utilizational competence. Conceptual com- 
petence, which is discussed in greatest detait in this article, is the implicit un- 
derstanding of Jejieral priricijsles of the domain. Procedural competence is on- 
derstandiiig of general principles of action and takes the form of planning heuris- 
tics. Utilizational competence is understanding of relations between features of 
a task setting and requirements of performance. A characterization of conceptual 
cbmpetehce for counting is presented, in the form of action schemata that con- 
stitute understanding, of counting principles su/.;H as cardinality, bne-tp-one.cbr- 
respbhdence, and order. This hypothesis about competence is connected explic- 
itly to a_ detailed analysis of performance in counUng tasks. The cbrin^^ 
provided by derivations of planning nets for; procedures that are included in pro- - 
cess models that simulate children's performance. 



I. INTRODUCTION 

We distihgliish between hypotheses abbut peiformance and hypoiheses 
about competence. Hypotheses about performance postujate cognitive 
processes and structures that are used in performing tasks, and often are 
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formulated in programming languages as computational models that sim- 
ulate performance in the tasks. 

Hypotheses about competence postulate general concepts and princi- 
ples that we as|sume are used in constructing or acquiring procedures for 
use in a conceptual domain, for example, the domain of number; The 
principles, which often cannot be articulated by the subjects, account for 
the fact that the diverse performance procedures that appear in diversely 
structured tasks all have a set of properties that are required by the 
principles: 

ivA: Compj^venvv in Countuig 

Consider an example of generative performance, which illustrates the 
kind of phenomenon that we believe requires an analysis of competence: 

(3elman and Saliistel (1978) asked children to count a set of five ob- 
jects, arranged in a straight line. Ghildren typically do this by starting at 
one end and counting along the line. After-a chid counted the objects, 
the experimenter pointed to the second object- in the line and said, '*now 
count them again,, but make this the 'one*.*' The task was repeated, 
asking for, the second object to be ''the 'two*,*' ''the 'three',*' **lhe 
'four\'* and '*the Tive*/* The series was repealed using the fourth object 
in the line. Many children performed successfully d the modified 
counting task: a majbrity of S-year-bld children gave correct performance 
bh_either 9 br all 10 of the cbhstrairied counting trials. 

To count correctly in Gelmari arid Gallisters task, children were re- 
quired to riiodify the procedure for cburitirig that they used ridrmally. 
They allTibst surely had riot beeri taught to courit with the constraint of 
assbciatirig a specific riumeral with a specific object* A procedure for 
cburitirig cari be rtibdified iri mariy ways, drily some of which are consis- 
terit with priricipTes of cbUritirtg arid riumber. It is reasonable to infer that 
many childrert who generated correct procedures understood that every 
object should be tagged once, no object should be tagged more than once, 
ihe numerals should be used in their standard order, and the order of 
tagging objects can be changed: 

The domain in which we have worked out an analyisis o? conceptual : 
competence is simple counting of sets of objects. * The question of implicit 
underistanding of principles in this domain was raised by Piagel 

' The term ••counling*Ms J^mblguoiis. In our lise. we refer to performarice where 
IS a set of objects to count: We do not discuss the tafik of jost reciting the string of numerals. 
In formaj malhematlcal terms, counting Is a procedure for determijiihg the cardma 
assigned set: that is, finding a standard .set for whichjhcre is a nnc-to-one mapping to the 
assigned set. The -standard set is an mitial segnient of an ordered set of sy mbols. We only 
consider procedures in which the one-to-one mapping between the standard set and the 
.assigned set is established explicitly: it is riot, for example, iri * •cburitirig. by fives:**. 
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(1941/1952), whose obserValibhs of childreri/s pcrformahcc in cpriscrva- 
lion, class-inclusion, arid scnalion tasks led to the cbriclusibri that chil- 
dren lack understanding of the principles of number that uriderly 
counting; According to this quite standard view, preschool children's 
apparent counting behaviors reflect nothing more than tote performance 
ofo^procQdiure involving recitation of a string of words arid coordinated 
tagging of objecjs^ Gejman and Galiistci (1978), however, disagreed. 
Based on children's performance in a variety of tasks involving counting, 
they maintained that preschoolers' counting reflects implicit under- 
standing of counting principles, which guides performance in counting as 
well as the acquisition of skill iri applying the counting procedure. The 
principles involved include cardinality, one:to-one correspondence, and 
the relation of ordering, as well as principles pertaining to the conditions 
under which these three can be applied. 

The analysis that we present is the result of oui-effoi"t to become cleai-cr 
about the understanding of these principles and their relation to countirig 
perf-^rrharice. The hypothesis that we develbped has two components: a 
fDrbcess rhbdel that simulates salient aspects of children's fjerformance, 
arid a hyfjolhesis about cbrnpelerice that relates relevant components of 
the prbcess riibdel to the principles of cpunlihg. 

We began by developing the riibdel of perforriiarice_in counting tasks; 
,we call this riibdel SC, for Siriiulatibri bf Countirig. SC is a hypothesis 
about children's cbgriitive structures arid prbcesses that accouril for their 
performance iri cbUritirig. 

It is possible to iriterpret SC as a hypbthcsis abbut childreri's tirider- 
standing of counting^pririciplcs. A disadvaritage bf this iriterpretatibri is 
that in SC the principles remain implicit; that is, the principles are ribt 
represented directly in SC, aithbugh they -were .iri bUr nlirids arid irifiu- 
encedyour decisions as we designed the model. This led us to dcvclbp a 
different sort of model, a model in which the cbunllng principles are 
specified explicitly and give rise to suitable procedures through u deri- 
vational system that constructs procedures that arc consistent with the 
principles. We propose ihis^ formulation of counting principles as a hy- 
pothesis about children's implicit dnderstanding in this domain, the un- 
derstanding that underlies what they do when they count, not what they 
say about what they do. 

LB, Processes Reflecting Cdrdinality 

We will describe SC in detail in Section IV. We describe one aspect of 
the riibdel riow, to illustrate the implicit nature of counting fjrinciples in 
that riibdel. The illuslraliari deals with the principle of cardinality. 

Uriderstaridirig bf cardinality myblves kribwlcdge that the number of 
bbjects iri a set is a properly bf the set, arid that the hurtiber of a set 
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corresponds to the last riumcral used when the set is cpunlcd. This knowl- 
edge is simulated in S€ by fotir components of the counting procedure. 
First, when a request to count some objects is presented, SG constructs 
a representation that includes a symbol for the set; the objects are as- 
sociated with the set'as members during the counting process. Second, 
Se sets a goal of finding the number of the set. Third, When all the objects 
have been counted, SG retrieves the goal of finding the number. Finally^ 
aa association is stored in memory connecting the symbol for the set of 
objects with the numeral used last in the counting procedure, indicating 
that the concept named by the numeral is the number of the set. 

We included these features in SC to simulate children's: performaticc 
that is taken as evidence for their understanding of cardinalily._One form 
of such evidence in volves identifying sjtuatiorial factors that jnfluerice the 
frequency of errors in performance. SC is primarily a rricidel of correct 
performance, and as such, it includes compoherits that depend bri reliable 
cxecutibri of subprbcedures. Errors can be interpreted by hypbthesizihg 
that subprbcedures bf the model are less likely to be performed reliably 
jh task situatibhs Where errors are mbre frequent.^ To illustrate, cbrisid 
"cases vvhere young children vary in their tieridency to indicate the Cardinal 
value of a collectioh. . 

Preschool children have a tendency to recount when they are ^sked 
V'hbw many?" after they have previously been asked to count a set of 
objects (e.g., Mafkmhh, 1979; Schaeffer, Eggleston,.& Scott; i974). This 
tendency has been interpreted as indicating that young chijdren do not 
Uhdersland the cardinal principle; for if they do, they shoujd. repeat only 
the last numeral said during the count trial (e•g^^Schaeffer^et al., 1974); 
Recounting is not a universal feature of children's performance by any 
• means. In Gelman and Gallisi^cl's (1978) expcrjni^cntj^ wh 
of objects was presented repeatedly in different spatial arrangements, 
many children did not count dc novo after each arrangement; they simply 
repeated the last tag used on a previous counting trial. Even so, the 
frequency of recounting is sufficient to require an explariatibri. Mark- 
man's findings provide a clue. 

Markman (1979) observed children's frequency of recounting in twb 
conditions: a condition Where the objects Were referred tb with a class 

_ - In niany discussions, "competence** refers to an ability to perform correctly, and "per- 
. formahce** includes factors that can produce errors: Oor distinction is quite different; As . 
we use the term. SC is a model of performiince: it simulates correct performance and 
provides ihterpretations of incorrect performance. By ''competence'^ we refer to something 
else» hamejy, implicit understanding of general principles . 
the general principles are tmderstdod and applied correctly, then performance should be 
. correct: thererore» interpretations of errors as results of situational factors help support the 
claim that children understand the principles. 
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hbiiri (e.g., **Hcre are some soldiers; count Ihd soldiers''; a **Hpw 
many soldiers are there:?':') arid a coriditibri where the set was referred to 
explicitly, usirigfa collection ribun (e.g., **Here is ari arriiy with sbriie 
sbldiers; cbiirit the sbldiers iri the army"; arid /*Hbw many sbldicrs are . 
there iri the army?"). Iri the class cbriditibri childreri recburited bri about 
bncrhalf of the trials; iri the cbllectibh cbriditibri, recburits were observed 
bri brily 13% bf the trials. Msrkroari arid we cbriclude that Use bf a cbl- 
leClibri noun makes it mbre likely that childreri will represent the bbjecls 
to be counted as a set, and that this representalibn is needed to stbre the 
number of the set in memory: In our model of counting performance, this 
is simulated by the inclusion of a symbol for the set of objects in the 
representation that the model constructs. Storage of the number of the 
set at the completion of counting provides SG with rnformalidn needed 
to answer^the *^How manyT' quesjion Faj[ures could ^e simulated Inv- 
ially by omitting the representational process at the beginning of counting, 
and Markman's finding would be simulated by a psychoh'nguistic process 
in which the representation would depend on the form of the question, 
with a higher probability of including a referent to the set when a collec- 
tion noun occurs. 

A second kind of evidence involves pert'ormance that relates lb reten- 
tion of the gbal to store the nuniber bf the set in membry while counting 
is carried but. Gelmah and Gallistel (1978) noted that preschQolcrs' rep- 
etitions bf the last numeral used jri cbu riling, which probably indicates 
that childreri appreciate its sigriificaricc, occurred less frequently after 
cpuritirig large sets thari afier couritirig smaller sets. Siriiilarly, Gelriiari 
arid Meek (1983) fburid that 3- arid 4-year-blds were better able tb iridicate 
the cardirial value of a display wheri a puppet did the cburiting thari wheri 
they cbiirited the bbyects thertiselves. Iri.SC, the riuriiera|-set assbciatibri 
is fbrnled tb satisfy the gbal bf firidirig the riurtiber bf bbjccts iri the set. 
This gbal has tb be retained in mciribry during cburitirig arid retrieved 
when cbunting has been cbmpletcd. Bbth bf the empirical findings arc 
consislenl with a hypothesis that failures tb associate the numeral and 
the counted set can result from failure to retain the cardinality goal in 
memory because of interference from performance of the counting pro- 
cess, rather than failures to understand the cardinality principle. 

While the cognitive processes and structures postulated in SC seem 
appropriate as explanations of children's performance, they do not pro- 
vide a satisfactory representation of understanding the principle of car- 
dinality. This is because the principle is nearly as implicit in the model 
as it is in children's performance. Proce?»ses of representing a set and 
forming an association between the set and a numeral iarc related to un- 
derstanding of cardinality, but they arc not what wc mean by un- 
derstanditig of cardinality. To characterize understanding of cardinality,' 
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arid the other counting principles as well, we need to postulate a knowl- 
edge structure in which the principles appear in more explicit form. 

Explicit Formulations of the principles of counting and number are well 
knpwnjjri the form of definitions and axioms of arithmetic (e.g:, Halmos, 
1960/1974; Russell, 1964). We have developed a different formulation of 
the principles to enable our hypotheses about competence to be con- 
nected explicitly with models of performance. 

/.C. TliedreUcal Framework 

In bur analysis, competence and performance are related through a 
logic of planning. Prbcedures for performing tasks are generated by a 
planning system cbntairiirig three cbmpdnerits of competence that we call 
conceptual, prbcedufal, arid utilizatibrial cbmpeterice. Cpriceptual com- 
petence includes Qriderstaridirig bf geriefal priricipjes of the task domain 
that constrain and Justify correct perfbrniarice. Procedural and utijiza- 
t|onal competence are required for these pririciples to becbme manifest 
in performance. Procedural competence includes u ride rstaridi rig of geri- 
^^^1 PJlL"jypl^^_°^^^^'9n^^ relating actiorts with goals arid with cbriditibris 
of performance. Utilizatlonal competence includes uridei-staridirig of re- 
laiJonships bet\veen features of task settings and. goals that cari be 
achieved by asingjhose features: These three components are shown in 
Fig: 1. in a diagram that reflects their use in derivations of perfbrmance 
structures. 

Conceptual competence represents understanding of principles in a 
form that enables their use in planning. The principles are represented as 
$chematic action /units: For example, representation of the principle of 
one-to-one correspondence includes a schematic action for increasing 
sets by adding corresponding elements to the sets, and representation of 
the principje of ordering includes schematic actions for retrieving mem- 
bers of ordered sets in their correct sequence. 

By V* procedural competence** we refer to knowledge of general prin- 
ciples irivblvirig relaiibris bf goajs, actions, and requisite cbnditidhs for 
actibris. Prbcedural cbriipeterice includes heuristic rules for plahning: the 
prbciedures that recbgriize gbals bf diffei:erit types during planning, that 
search for actibri schemata with cbrisequerices that match goals that have 
been recognized, arid that determirie wheri plaririirig is successfully com- 
pleted. Procedural cbmpeterice alsb iricludes thebrerii-prbvihg methbds 
that search for features of the task setting that bari be used tb prbve that 
conditions will be satisfied, and additional planriirig heuristics that use 
these theorcm-j)roving methods when they are needed.' 

The thjrd component of competence, utihzational competence, in- 
cludes knowledge used by the theorem prover in its efforts to relate 
features of the task setting to goajs of planning: An example of knowledge 
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FlG^-1. Components of competence. 

included in ulilizational competence is a proposition involving objects 
that are arranged in a straight line. The planner is able to prove a theorem , 
that the straight-lin^e feature of a set of objects can be used to form an 
ordering of the objects, a feature that satisfies a planning goal of forming 
partitions of the set of objects to be counted. 

We want to formulate hypotheses about competence that are connected 
explicitly with models of performance. We obtain these connections using 
a formalism of planning nets, introduced by VanLehn and Brown (1980). 
Hypotheses about competence are premises in a derivation in which com-' 
pon^nts of a performance model are derived. " 

The general idea is_ illustrated in Figs. 2 and 3. Figure 2 shows a sim- 
pliiled rnddel of perforifiance for counting sets of objects, arid Fig. 3 
shows a simplified piaririirig net for that model of performance. Our hy- 
potheses abbul corripetence for cburilmg are^ogriitive structures that are^ 
used iri deriving ricts like the brie iri Fig. 3. Thus, plaririirig riets provide 
defiriite arid explicit cbririectiGns between cbri:peterice hypotheses arid 
rnpdels of childreri*s peifprinarice. 

The rribdel shown iri Fig. 2 simulates performance of cburitirig when, 
objects aie arrariged in a straight line, so that the operations of retrievirig 
the \*first object** arid the /'riext object after few/zcT* can be ajjplied. We 
call the set of objects L (because they are in a line) and N denotes the 
set of numerals. SL and SN refer to initial segments of the sets £ and M 
respectively. 
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Retrieve first object in t | 








Assign bound to attended object 






Retrieve firs< 


numeral in N .. 






Assign bound to 


attended numeral 





•< 
<» 


" Retrieve next object in L after bound 






Assign bound to 


attended object 






Retrieve h9%i hurherat in N after bound 






Assign bound to attended numeral 







Assign 6oun£/ numeral as number (L) 







Fig. 2. A procedure for coanling objects in a slraighl line. L denotes the set of ol^ects to 
be counted; N denotes the set of numerals. . ' 

To begin counling, the model locates the object at one end of the line 
(called '''Retrieve first bly ect in L*') and remembers that object ''(called 
''Assignfepw/7<f to attended, object' model then recalls the numeraj 
^'one'* (called,:* 'Retrieve first numeral in N**) and remembers it (called 

3 The cbmpbrieriu of Fi^ 2 are summaries of quite compicx activities; for example, 
retrieving and assigning bound to* objects involve processes br^erceptua[ sca^^^ 
merhbry of the clirectibri of scanning, as well as memory of the current i^o///??/ oQecl. these 
processes are simujated in more detail in bur performance mod 

size of a compete hce hypothesis infection IV. The choice of grain size provides one way 
of distinguishing between competence and performance. 
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''Assign bomid to attended numeral"). From then on, the counting pro- 
cess is a sequence of cycles. In each cycle, there is test whether there 
are more objects, if there are, the model find? the next object in the line 
(''Retrieve next object") and points to it ("Assign bound''), retrieves the 
next numerah and remembers it. When there are no more objects, the 
model stops and remembers that the last humeral used is the number of 
objects in the counted set ("Assign bound nutncral as huinberm''), 

Figur8 3 shows a simplified planning net with cbmpbriehts of Fig. 2 as 
its terminal nodes. A planning net includes cbmpbherits bf a pirbcediire 
along withjnbre abstract cbmpbherits, linked tbgether by a set bf plaririirig 
relations. The prbcedural cbmpbriehts are terminal hbdes in the net, and 
cbrrespbnd tb parts bf a rribd^l of task perforrriarice. The cbmpbherits of 
the planriihg net include actibri uriits (shbwri as rectarigles), goals (shbwri 
as hexagbris), arid tests (shbwri as dianidrids) 

The impbrtarice bf a plaririirig riet is that it provides an explicit con- 
riectibri betweeri hypbtheses about cbrripeterice and a model of perfor- 
marice. Asplaririirig net is derived from the cdmpdnents of competence 
discussed earlier arid shbwri iri Fig. 1. The action units in a planning net 
are instantiated versions of actibri schemata that are included in concep- 
tual cortipeterice. The jjlarining, heuristics that are included in proceduraj 
competence provide rules for selecting action schemata on the basis of 
their consequences, arid setting new goals on the basis of requisite con- 
ditions of schemata that have ben selected. (Connections between goals 
arid actions in the network correspond to relations that are stored in the 
action schemata. These relations include consequences of actions; for 
example, CbUNT(L) is linked to m//n*er(£) becuse' a consequence of 
the action COUNT is that the number of the set Is delermihed. Relations . 
also include requisite condjtions for actions; for example, (E!OLlNT(L) is 
connected to Fquui(t»SN) because forming equal sets is one of COUNT'S 
requisite conditions. " .. . 

In addition to providing an explicit logical cbririectibn between hy- 
potheses about competence and a model of perTorrriarice, the plaririirig 
net also shows a structural analysis of the procedure. Actibri uriits at brie 
level are related to action units at hichcr levels asj:mst1tueri_ts^arid these 
relations ^re mediated, by gbals. For exarriple,°[RETRIEVE-FIRST ob- 
ject in L] and [ASSlGN_bpund_ tb bbjectj are cbristituerits of the ab- 
stract_action 1NITIALIZE(L, 5L). INITIALIZE(L,5L) arid INCRE- 
.MENT(L,5L) are cbrinccled tb the gbal ohe-mpreiL^SL/a), arid so dri. 
(Goals^ betweeri the terriiirial actibri uriits arid their parerits are drtlitted 
Trbm Fig. 3 for siriiplicity. Sbriie bf these are shdwri iri Fig. 5.) 

/.D;. Discussioh 

Iri bur arialyses, we use cdricepts arid methods from three major lines 
of cdgriitivc thebry. We use Piagct's (e.g., 1941/1952) fundamental insight 
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number (L) 







CbUNt IL) 









MATCH (UN) 



e<ju»f (SL. SN> 





Fid. 3. Planning nct^Tor standard cbuhtihg. SN denotes ah initial segmerit of humerals; S£ 
denotes an initial segment of objects. 



that chiidren's performance reflects understanding (not necessarily artjc- 
ujatej of general principles. However, Piaget did not attempt to derive 
relationships between the principles and properties of -performance, as 
we do in our analysis. (We also difler with, Piaget in bur substantive 
conclusions about the competence that wcattribute to preschool children; 
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we discuss this in Seclibii V.) We use Chomsky's (e.g., 1965} theoretical 
method of analyzing competence with formal derivations that cbnriect 
postuiated.competence with properties of performance. Our analysis dif^ 
fers from Chomsky's and other linguistic analyses in the objects that are 
derived. In linguistic analyises, the derived objects are sentences, cdrre- 
^P^?^^"6_ ^? sequences of behavior. We derive cognitive procedures, 
which are capable of producing sequences of behavior. Another differ- 
ence between our analysis and those standard in linguistics is that we use 
observations of performance, rather than linguistic intuition, as the main 
source of evidence about the competence that we attribute to children 
(cf. Pylyshyn, 1973). Finally, we use concepts and methods introduced 
by Newell and Simon (1972) that have become standard in cognitive psy- 
chology to analyze and represent structures and processes in models that 
simulate . performance; in cognitive tasks. 

_Wc note that we do not necessarily identify the process of durivaiion 
of planning nets as a plausible psychological hypothesis. As with other 
hypotheses about competence, we restrict our claim of psychological 
reality to the content of the knowledge that is attributed to individuals 
and to the structures that are implied by that knowledge, in our analysis, 
the relation between coThpetence and pcformance structures has the form 
of derivations in which the performance structures are consequences of 
competence structures, derived by a planning system. However, we have 
not tried to deterriiirie the form of the dependerie between competence 
arid performance structures iri huriian cbgriitibri. (We discuss this matter 
further iri Sectibri V.) 

II. FORMULATION OF CONCEPTUAL^ COMPETENGE 

In this section wc present a charactenzatibri of cbriccptual^ 
in the domain of counting and number. Results bf empirical studies bf 
children's counting i5erformance make it reasonable to attribute this de- 
gree of coippctence to typical 5-year-olds in industrialized societies. 

^c represent conceptual competence in the form of. action schemata 
similar to those used by Saccrdoti (1977) in his analysis of knowledge 
structures for plannmg. Each of the schemata corresponds to an action, 
represented in general, form. Each schema specifics one or more conse- 
quences of performing the action and requisite conditions that must be 
satisfied for the action to be performed. Knowledge in this form is ''ap- 
propriate for a planner, which can search for schemata with consequences 
that match the goals that arise during planning, and can set goals for 
further f?laririirig corresponding to requisite conditions of schemata that 
it has selected. 

To illustrate bur ribtatibri^we pjcsent two simple schemata (which we 
dp use iri bur analyses): PICK-UP and PUT-DOWN. 
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(1) *PieK-UP(a) 

Prerequisites: movabie{a)\ 

empty (H and), 
Gonseqaence: a e Hand, 

(2) PUT-DDWN(a,feca7ja«) : 

Prerequisite: a e Hand, 
Gohsequerice: )ocation(a). 
Effect: emptyVHand), 

Think of a schema as knowledge of a kind of action that has specified 
results arid specified requiremerits for its perfprrnarice, so that a_plaririer 
cart irtcliide the actibri iri order to achieve a d^esired conditibri if the_re- 
quired cbrtditibrts are satisfied. PICK-UP artd PypDOWN are siriiplificd 
yersibrts bf krtbwicdge fbr rilbvirig ari bbject. Suppose there is a gbal lb 
have sbnie bbject irt a specified Ibcatibrt, fbr.cxartiple, this jbiifrial bri 
your desk. PUT-DOWN has the appropriate cbnsequertce, with a givcrt 
the value ''the Journal/* and tocatton givert the value ''the desk.** Pre- 
requisite conditions must be true before an action can be performed; thus, 
there must be a Hand with the journal in it, and this can be set as a goah 
""a e Hand"' is a consequence of PICK-UP, and since a is the journal 
PICK-UP may be put into the plan. PICK-UP requires 'empty(Hand), 
whichjnay be true m the situation; if this can be proved, the plan can be 
confirmed. Note that PUT-DOWN has both a consequence, /ocar/o/i(a^^^ 
and an effect, empty{Hand), Both consequences and effects are resuits 
of performing actions, and the distinction between them is somewhat 
arbitrary. Consequences are generally the desired outcomes of actions in 
; the task setting, and effects are other outcomes. (We also use effects to 
get around technical difficulties in planning th^t .we do not attempt to 
analyze fully, cf. Footnote 5, below.) 

A sigriificarit requirement for the formulation \s that the schemata 
sHould provide a sufficient basis fbr performance of cduritihg. Schemata 
related to the various principles are motivated further by evidence that 
supports attribution of understanding the principles^ arid we riieritibri 
some characteristics of that releyarit eyiderice iri this discussibri. 

The case fbr iiriderstaridirig bf pririciplcs is strbngcst if a child is rc- 
quiried tb generate a rtew prbcedure br a riibdificatibri bf a krtbwrt prb- 
cedurc, arid the prbcedure that is fbrrilcd is cbnsistcnt with the. principles. 
In such cases, the child's performance is the butcbmc bf a problem- 
solving process for which the particular task circumstances, together with 
the principies, define the probiem. This kind of evidence is frequently 
used in deveiopmentai psychoiinguistics, where knowiedge of the ruics 
of ianguage is attributed^ to chiidren when they systematicaliy produce 
sentences of a given complexity (e.g.. Brown, 1973). Evidence based on 
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novel performance is especially cbmpellirig if the perfdrrriarice correctly 
and systematically follows the principle but is incorrect or uricbriventidriar 
in some other >vay. In such cases, we can rule but the hypbthesis that 
the observed performance was acquired by direct tiiitibri or bbservatibn 
of adults: In psycholinguistics, speciai attentibri has been given tb chil- 
dren's systematic production of errors like « 'mouses," "fbbtses," 
*'wented," and "haded," that reflect bvergeneralizatibns of rulies that 
govern the production of regular cases (e.g., Befkb, 1958; Brown, 1973; 
eiark & eiark, 1977): 

Evidence for nndcrstand|ng also is obtained if a child can evaluate 
performance as corrector incorrect with respect to a principle, as when . 
children are shown examples of counting and can identify errors that are 
made, or when they spontaneously correct their own errors. Evaluation 
of examples is often used to test whether someone has acquired a cate- 
gorical concept (e.g., Bruner, (Soodnow^ & Austjn, j956), and is the stan- 
dard test in computational linguistics for a system that is alleged to know 
the grammar of a language (e.g., Hopcroft & Ujlman, 1969); A third form 
of evidence is provided by performance that is jsystematically consistent 
with a principle, especiallywhen it occurs in a wide variety of contexts 
so that consistency would be unlikely in the absence of knowledge of the 
principle. . 

Evidence for understahding of principles always is problematic to some 
degree. Any single piece bf evidence can be explained without recourse 
tb a hypbthesis bf Uriderstaridirig: performance cphsisteht with the prin- 
ciple cbUld be learned by rbte, evaluatibri cbuld involve simple compar- 
ison of the example performance arid cbvert performance bf a rote pro- 
cedure, and novel correct procedures cbuld be generated by trial arid 
error. Even so, a cbmbiriatibri of evidence bf these varibus kinds can 
constitute a cbmpelling argument that principles are Uriderstbbd sigriifi- 
cantly, i.e., are understood as constraints on performance,, even if the 
understanding is implicit, i.e., they cannot be stated by the child. 

We present the schemata that we postulate as competence fot counting 
in four groups, related to principles of counting identified by Gelman and 
Gailistef (1978): Gehnan and GaHistei'^s principles w.ere (I) cardinality: 
the last numeral^reached in a count is the symbol for the number of items 
in the counted |set; (2) one-to-one correspondence: each object in the 
counted set must be tagged with a unique numeral and every used nu- 
meral must be applied to an object; (3) indifference of object order: the 
objects in the set riiay be counted in ariy order; (4) stable order of nu- 
rnerals: the nlimerals rnust be used in their standard sequence; (5) abs- 
tractibri: objects in a set need riot be all bf one kind to be counted. We 
begiri with scherriata irivblvirig kribwiedge of set relations iri abstractlori; 
because these are sirripler than the bthers, and we proceed through sche- 
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mata involving understanding of order, one-to-one correspondence, and 
finally we discuss schemata of cardinality.^ 

11 A. Sets, Subsets, and Abstractioh 

One basic requirement of counting is to keep track of which objects 
have been cdurited. The. task therefore requires cognizance of a subset, 
identified in some way, which is empty initially, and which gains members 
as counting proceeds until all of the dbjcct_s_have been counted. A schema 
representing this understaridirig is ADD-TO: 

(3) ADD-TO(^.A) * 

Prerequisites:/! = {x: properiy(pc)}; 

^ propertyia), - 
Postrequisite: propertyia) ^ 
Consequence; one'frfore{X;A,a) • 
Effects: a e A; 

((i ^ a) =) ;x e .4 before < = ) i e i4 after). 

ADD-TO represents knowledge for increasing a subset by adding a single 
new member to it from a specified set of objects. The first prerequisite 
of ADD-TO represents knowledge that subsets can be identified by a 
property. For ADD-TO to be performed, members of the subset have to 
be identified by some property, and there has to be an object that does 
not yet have the property: When the objecj has been given the property, 
ADD-TO has been completed, and its consequence and effects will be. 
achieved: A postrequisite is a condition for completion of the action. 
ADD-TO is completed when the object a has been given the property. 
Performance of ADD-TO has three outcomes: >4 has the property one- 
more, which means that it has a member that was not in before; a 
becomes a member of the sublet A; and except for adding a, the mem- 
bership of_A has not changed.^ 

ADD-TO is a schema for a global action that, canridt be executed di- 
rectly. More elementary actidns arc required for global actidns td be 
performed. One possibility that we use ihvdlves identifying a subset by 
a Idcatidn-^that is, A is the subset df objects located in a specified place. 

•* We do not intend to suggest that understanding of the jsrinciples discussed here nec- 
essarily develops in the sequence in which wc present the principles. 
" ^ 'Th i s last e flee t reflect s a tech nica I _ i ssue i ri pla n ni rig j hat we have riot tried to sol ve. 
The lack of change in membership of y4 other than adding a involves the general problem 
^li^'l^^wirig whjc^h feat^^^^ 9[*^^ituatiqri remain ''^i'''<^'y?^*'_by ari action, as well as knowing 
the consequences and side effects of an actioa. this problem, the so-cailed "frame 
jsrbbleni/' probably caririot be solved in a general way in the cbnlext of plarinihg. A full 
analysis would require identifying conditions that must be monitored during execution. 
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In that case, the property in ADD-TO is the specified place, and when 
ADD-TO's postre^ULsite is set as a goal, the planner can choose, PUT— 
• DOWN and then PIck-UP to acW 

In aribther case that we have analyzed , a subset is designated by placing 
physical marks on the objects. This Uses the schema ADD-MARK: 

(4) ADD-MARk(:a /marker) , 
Prerequisite: i:>/2(a,m<3r*j?r). 
Postrequisite: on{a,marker). 
Consequence: markediu). 

ADD-MARK can be implemented using PICK-UP arid PUT-DOWN td^ 
place a marker on the object d. * 

The schemata that we have discussed provide cbmpeterice that is ^re^ 
quired for correct counting performarice. Gelmari arid Gallislel (1978) also 
discussed aribther aspect bf cbnipeterice that they called the principle of 
abstractlbri, respbridirig tb discUssibris by Cast (1957), by Klahr and ^;\^1- 
lace (1973), arid by Werrier (1957), suggesting that children might have to 
forrii iriterisibrial represeritatibns bf k set in brder to count it. For example, 
. tb cburit a set containing apples ancf oranges, the child woujd have to 
. kribw arid apply the concept 'Truit," and to count a set containing per- 
sbris and pieces of furniture an abstract concept of **things" would be 
required. __ ___ 

Empirical observations do not support the hypothesis that children 
initially restrict their counting to homogeneous sets. Gelman and iSallistel 
(1978) presented heterogeneous arj-ays of object for children to count, 
and observed no resistance to counting. Gelman (1980) observed that-3- 
to 5-y ear-olds comfortably counted sets as heterogeneous as *'all the 
things in the room," including people. Strauss and Curtis (1981) shbwed_ 
that infants abstract cardinality of small sets ditlering in the kirids bf 
objects they contain, and Starkcy, Spelke, arid Gclriiari (1983) have 
found that infants abstract the cardinality of hctcrbgeriebus sets, iricludirig 
. matching the numbdr bf objects iri a hcterbgcpebus diplay with the 
number of drum beats they hear. 

The principle of abstractibri is a perriiissive principle, rather than a 
constraint ;_ and it is represented iri bUr cbmpetence hypothesis by the 
absence bf a restrictipri, rather thari by any definite assertion. In the 
sbhcma ADD-TO, arid iri other schemata, there is no requirement that 
the set tb be courited cbritairis bnly bbjccts of a single fecognizable kind. 
Indeed, if we were tb arialyze an.ask such as ''Count the horses'^' in a 
display cbritairiirig different kinds of animals, we would have to pjovidc 
a cbriceptual basis for iritrdducing a test of category membership into the 
cburitirig procedure. . , 

18 
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tt.B. Ordering and Tnitiat Segments 

Correct counting requires that an ordered set of numerals is available 
to the counter, and requires th^t the members of that list be used in the 
counting process in the order that they are given in the set. We include 
tv/o simple schemata for retrieval of the items from ordered sets. 

(5) RETRIEVE-FIRSTW - ' 

Prerequisites: ori/i?KA); 

firstiX.a), 
Consequence: arr<?Ai<rf(a). 

(6) RETRIEVE-NEXT(Xx) 

Prerequisites: on^fr(A^; : 

nex1(X\:icya), f% 
Consequence: nitendia): 

The consequence of these actions is that during execuiion, the per- 
former be attending to the retrieved object, vf hich enables other ac- 
tions involving the object (cf. Schema 9, belovf). Prerequisites include 
y??L^l'A^5i 9^ JL^J^A' A^0*^J?^^^' 15 ordered; that is, there is a unique first 
member of A!" and each member ot X has a unique successor (except the 
last member, if that exists); Prerequisites also include designation of the 
first member of X or the successor of a given member of 

RETRiEVE-FiRSt and RETRiEVE-NEXf would be sufficient for re- 
citing the nume^rals in order, but they are not sufficient for use of the 
numerals in counting. For counting, the ordering i^ used to partition a 
set into the subset that has already been included in the count and the 
.subset that has not yet been included. The set already- included is an 
initial segment of the ordered set,, contaiHing the items up through a 
designated item, the uppler bound. V/e denote an initial segment of a set 
A" as 5-^, for "segment of A'.'' Uriderstandinig ofthis set-thcorctic cbricept 
is represented by two schemata: INITIALIZE, which places the first 
member of A' in SA', arid INCREMENT, which adds a ricw riicriiber to 
SX by itidvirig the bdUrid to the successor of the currerit upper bbUrid. . 

(7) INITIALIZECA^.SAr) 

Prerequisites: orcfer(A); 

emptyiSX); . 
' JirstiX.a): 
Postrequisite:.feo/mi:/(SA^,i3)._ 
Consequence: o«£»-morip(Af,5Af»a) , 
EffQcis: - iemply(SX); 

a e ^A'^^ o 

; ^ yxiXT^^i^UiSX). , , ; 



GREENO, RItEY, AND GELMAN 



IID 



(8) 1NCREMENTO^;0 

Prerequisites: orderiX); 

— empty (SX); 
bound(SXM\. 

Postreqaisile: boividiSX.a), 
Consequence: on^'mqre(X,SX,d). 
Effects: u e SX; _ _ 

. ^ V:t((i?^a) =>. re 5Ar before < = )jc€5.Sr after). 

One more simple schema is needed for the action of assigning the 
property S<7///ic/ to an item. 

(9) ASSlGfi (property, x) ' 

Prerequisite: attend{x), 
Cdhsequehce: property\x). 

The schemata for ordering that we' have given provide a basis Tor the 
use df an ordered set in coun^ ng. in addition, there is evidence that 
children appreciate that use of a stably ordered set of . numerals is ah 
essential feature of counting. _; 

One kind bfevideSce involves systematic performance that follows the 
rule of stable order with a scquericc that is idiosyncratic^arid thus would 
not have been learned. Gclman and Gallistcl (1978) and Fusdh, Richards, 
& Briars (1982) have reported the tendency of 2 Vi-y car-old children to 
count with unconventional sequences that arc. used sysfcmatic^ally. Se- 
quences such as 'M, 2, 3, 4; 8, 10, II" are used by very young children 
even when they are asked to count small sets, arid by somewhat order 
children when theiy count larg^er s^s. Despite the use df nonstandard lists,-^ 
the lists are u^cd systematically. Thus, fortxanipic, a 30-mdnth-old child 
might say, 'Two, six," whcri cdiiritirig a twd-itcm set, and 'Two, six^ 
ten," when counting a thrcc-iieni array. This child used his own list over 
and_dver agairi, everi thdugh he was cdrrected .repeatedly by his parent, 

R.GeJriiari. , 

■ Performance iri Gelman and Gallistcrs (1978) modified countmg tas^^ 
described earlier, alsd prdvidcs evidence of understanding the stable- 
drder priricipic thatinvdivcs generation of new procedures. When a con- 
.strainl df using a specified numeral for a speciiled object is imposed, 
there is a cdnflict between using the numerals in their standard order and 
lagging the objects in their spatial order. Correct perrormance involves 
usitig the order of numerals and therefore changing the order in which 
objects are tagged. The correct performance given by a prepdnderance 
of children, especially by 5-year-olds; provides evidence that childreri 
appreciate the stabie-order principle as a requirement of cduntirig. 
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Evidence aisb has been obtained that children can detect errqrs in 
application of the stable-order principle: Briars and Sieglcr (in press) and 
Gelman and Meek (1983) gave children the task of observing as a puppet 
counted and telling the experimenter whether the puppet made an error; 
Gelman and Meck's puppet made three kinds of errors involving the order 
of numerals: reversing a pair of nur erals, skipping a numeral, or using 
a random string. Briars and Siegler's puppet made two kinds of errors: 
omitting a numeral or using an extra numeral, in both studies; 5-year- 
olds performed at a very high level: iSelman and Meck's subjects detected 
96% of the order, errors and Briars and Sicgler's subjects detected 92% 
of the order errors. Three- and four-year-olds also showed substantial 
ability to detect order errors: 76% and 96% of errors detected to Gelman 
and Meck's stud^," and 54% and 78% of errors detected in Briars and 
Sic^ler's study. (Simple correct counts, with the numerals used in correct 
order and objects counted rrpm end to end, \vere called correct over 95% 
of the time by children of all ages in bbth^studies.) 

In our formulation of competence, the schemata for retrieving items 
from ordered sets and usiri^ initial segments (Schemata 5-9) provide the 
capability of using the order relatioii in couritirig, but do hot represent 
uriderstaridirig that.it is a required feature. Cognizance of the stable-prder 
principle as a requirement is'represehted in the schema called COUNT 
(Schcrila 12), in which use of ah brdered set of numerals is a prerequisite 
cdhdilidh. 

In correct counting, for each object counted exactly one numeral must 
be used. This prohibits tagging any object more than once or omitting 
any object; it also prohibifs using a numeral more than once or skipping 
any numerals: If these constraints are satisfied, and if all the objects are 
tagfcd, then there is a correspondence between numerals and objects. 
Furthermore, the objects can be tagged in any sequence, providing that 
each object is tagged exactly once: 

Evidence for generative knowledge of .the one-to-one requirement was 
obtained in Gelman and Gallisters (1978) modified counting task. Recall 
that by 5 years of age, most children gave near-perfect solutions: that is, 
they honored the objcct-nuhicral- pairing constraint and correctly 
counted all the items in the array, As the constraint was varied on dif- 
rcrent trials, different pairings of bbjccts^and numerals were required. 
Thus, these children were successful in generating perforriiance that prep- 
sbrved one-td-orie cdrrespdridericc with differing sequences of tagging the 
obycctJ^ • : . 

' Chirdren's evaluatidris df puppets' counting alsd prdyidc evidence fdr 
uriderstaridirig of the prie-td-dric requireriient. Errors df skipping ari db- 
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ject or couhlihg ari_ object twice were detected bri 95% of the trials by 5- 
year-olds LBriars _& Siegler, in press), bri 82% (Gelnian & Meek, 1983) 
and 89% (Briars & Siegler, in press) of the trials by 4-ycar-olds, and on 
67% (Gelman & Meek) and 60% (Briars & Siegler) of the trials by 3-year- 
bids. Children also saw puppets cburii cbrrectiy with unusual sequences 
bf taggirig objects, either starting in the middle of an arr^y, working to 
one end, then returning and counting the remaining objecjs^ or couniirig 
a.Uernate. objects (which were of one color), then reversing direction and 
counting the remaining objects (of a different cblor). Gelman and Mcck's 
. subjects called nearly all of these coun^ts: correct^ 96% of the trials by 
both 3- and 4-year-olds: Briars and Siegler's subjects often called these 
counts incorrect: 35% by 3-year-olds; 65% by 4-year-oids, and 53% by 
5ryear-oids, but the 5-year-olds rejected these nqnstandard counts sig- 
nificantly less frequently than they rejected counts that were incorrect. 

(Gelman & Meek (1983) suggelited that the different findings were due, 
in part, to young children's tendency to respond before the puppet fin- 
ishes a trial. Gelman & Meek pretrained their subjects to wait until a 
counting sequence was completed. Additionally, these uhcbrivcritiorial 
count trials pose a prbblerri of ambiguity in instruclidris. Insofar as a 
procedure is unconventional it niay: be judged as ' wrong becaus^^^ it is 
different and not because the child thinks a cburiting priricigie is violated. 
Indeed, in a current study by Gelman, Meek,* & Grecrib, a 5-year-bld told 
us that standai-d count trials were "fight arid right," that error trials that 
were uncbnVenlibrial arid viblated a priricipic vvere **wrbrig and wrong," 
arid that uncoveritibrial trials that did not viblatc a principle were "wrong 
but i*ight.") • 

Iri Gelman arid Gallistel's (1978) data, children's counting performance 
hbribred the brie-tb-bric requirement in the preponderance of cases. Al- 
riibst all brie-tb-brie errors involved counting an object twice or skipping 
bvcr an .bbjcct as a child systematically moved his or her finger from 
bbject to object. Such errors would be expected if the children's counting 
prbcedures were appropriately constrained by the one-to-one require- 
ment but were subject to occasional failures of keeping track of just what 
objects had already been counted: It is noteworthy that children who use 
idiosyncratic lists of number words honor the one-to-one requirement 
with those lists, as do children who use the standard list. Gelman and 
Galiisteralso observed children counting the same set of objects in varied 
spatial arrangements, and children who recounted the arrays showed no 
tendericy to keep assigning the same numerals to the sariie items. These 
Children vvere apparently indifferent to the order in' which the objects 
were counted. 

We represent conceptual competence regarding bne-tb-prie cbrrespbri- 
dence with two schemata: 
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06) MATeH(Af.f) • 

Prerequisites: ^mp/jC^); - 

empty(B). . 
Gorequisites: where A — {x: ta^^ed[{lc)}\ 

subset{BiV), where S == {j: iise^(y)}; 
eqt.ivA{A,B), 
Postrequisit^: y :r (x € = ) X e v4); 
_ Consequence: t^^//a/(Ar,5) : * • 

ni) KEEP-EQUAL-INCREASE(A',A,r,5) 
Prerequisite: equal{A,B) 

Corequisites: V :t ((x ^ o) => x € A before < = ) x € A after); 

K y ^(y ^ ^> J' e B before < = ) € 5 after). . 
Pdstrequisitcs: ohe-more {X.Ayay, 
bhermdrelYyB,h)\ 
Cbrisequence:'eqfi/£r/fA,B). 

The arguments of MATCH are two sets, denoted X and Y\ Its conse- 
quence is a subset of Y that [s equal Xo X\ Prerequisites of MATCH include 
designation of subsets /4. (of ^ and i? (of JO that are Initially empty. :. 
Corequisites of actions are conditions that must be maintained throughout 
performance of the action. Corequisites of MATCH incjude maintaining 
the partitions of A" and Kduring counting, so that A contains the members 
of X that have been tagged and B contains the members of Y that have 
been used. Another corequisite of MATCH is that the subsets A and B 
are to be kei5t equal. MATCH is complete (i.e., its postrequisite is sat- 
isfied)jwhen all the members X have been included in A. 

KEEP-EQUAL-INGREASE provides a way to increase two sets while 
keeping, them equal. The prerequisite and cbnsequencejif KEEP- 
EQUAL-INCREASEJs the equality of two sets, A and B. The ppstre- 
. quisite is that A and B should each receive a.new member; A receives a 
member from X and B receives one from F. The cbnditidri to be main- 
tained (i.e., the cdrequisite) is that no members should be lost from A or 
By and no members other than the designated objects a and h should be 
added. 

MATCH and|KEEP-E(3UAL-INCREASE prdvide a procedural defi- 
■ "'^'j^n 9[ i*^^ predicate equal in our analysis. The de;finit|on can be istated 
less fbrmai|y as fojiows: two sets are equal if they are initially empty, 
"then each is increased by a single member, however many times the joint 
increase occurs;" 

The predicate e<7ra/ is logically prior to the' concept ot nmnher in our 
analysis, which may seem counterintuitive, but is consistent with some 
evidence about ybung children, MiSler (in prcss>showed two toy turtles, 
each with a pile of candy, and a third, pile of candy to be shared equally 
between the two turtles. The most c ommonzmethod-uled-^by children 3 
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years old and older was to progressively distribute one candy at a time 
to each turtle, repeating this procedure until all the candies were distrib- 
uted. This cbncern for equality of number extended to other tasks hot 
' strictly numerical in nature. In dividing equal lengths and areas, pre- 
schoolers often showed a similar strategy, cutting niahy pieces of appar- 
ently arbitrary size, but taking care that the same number of pieces was 
given to each recipient. 

II, D, Cardinatity ^ 

The principal of cardinality is the significance of the cdiihtirig proce- 
dure. Counting deterrnines the number of objects in a set, which is rep- 
resented by the last numeral used when the count is fimshed. 

Some observations were discussed in Section I that support attribution 
to uhderstanding cardinality to young children. We mentioned Markman's 
(1979) finding that recounting occurs less frequently when collection 
nouns are used to refer to sets than when only class nouns are used. We 
also nientioned evidence given by Gejman and Gallistel (1978) and by 
6elnnan_and Meek (1983) that failures to store the cardinality of a counted 
set in memory can^ be interpreted as resajts. of interference from task 
demands of performing the counting process. 

important evidence of generative knowledge of cardinality comes from 
observations that children invent novel pfocedares in arithmetic. A 
striking example was provided by Groeh and Resnick's (1977) observa- 
tions of preschpol children s procedures for solving addition problems. 
Children 4V2 years old were taught to solve simple addition problems by 
counting but two groups of objects equal in value to the two addends, 
cbmbiriihg the objects into one _grbup, and then counting the cbmbiried 
grbup. After several sessions of practice, bne-half bf the children spoh- 
tahepusly emplbyed a mbre efficient algbrithm that they had hbt been 
taught/This was to count bh from the cardinal value pf the larger addend. 
Neches (1981) has developed a plausible analysis of the prbces.s of gen- 
erating new prbcedures, based bri noticing in variance of results bf cbrh- 
pdrierits of the procedure already in , place. The irivariahces needed for- 
devcldpment of the cbunt-dn additidri algdrithm are results of cdmpdrierit 
cdunting procedures, that is, the cardinalities df subsets arid the tdtal set 
in the situatldn. Children's modificatidriS df prdcedures with cardiriality 
preserved as an invariant support the conclusion that they undecstand 
the meaning and significance of the counting procedure. 

Evidence of understanding cardinality also is provided in children's 
performance on an evaluation task. Gelman and Meck's (1983) puppet 
counted sets of 5, 7, 12, or 20 objects, and sometinries made mistakes in 
answering ''how many?" questions w|thj[ value less than the iast^numeraj 
statcdr or one greater tfian the last numeral dated: These errors were 
almost always detected By children: the 3-year-olds chose to correct the 
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puppet on 70% of the error trials, the 4-year-olds on 90% of such trials. 
Having corrected the puppet, the 3- and 4-year-oid children gave the 
correct answer, respectively, 94 and 95% ot the time. 

Further evidence includes Gelman and Galllstel's (1978) observation 
that children frequently repeat the last numeral used in counting, often 
with emphasis. Repetition of the final numeral suggests that children ap- 
preciate that it signifies sbmething special, and evidence from other ex- 
periments (Gelrhari & Tucker, 1975) indicates its significance as the car- 
'diriality of the set. Gelman has also observed that a child who uses an 
idibsyricratic list of humeral terms in counting repeats the last term used 
' when asked how many objects are present. 

Finally, another supporting observatibh is that, children count objects 
spoiitanebiisly, that is, without iristructibris to count, vv^hen the numbcj 
of objects is relevant in sbme way for a task. This indicates, that the 
children .understand that counting is the apprbpriate p: bccdure for deter- 
mining cardinality. Evidence of this kind was bbtaihed in experiments by 
Gelman (1977K who showed children disp with twb set of objects and 
taught the children that the ''winner" was always the set with a greater 
"_"iD^_^^pf^^J^^^S- Then on a sequence of trials, a display was shown, 
then hidden briefly, and then shown again with some change made in the 
meantime: Children's appreciation that number was relevant was indi- 
cated by th^ir reactions of surprise and what they said when they en- 
countered this change: e.g.; 'Took one! Was three — one, two three. Now 
two." (ehildren did not react as strongly if the change iavolved the po- 
sitions of objects in the dispiays and majntained they still won because 
the number was as expected: Even when an item of a different type or 
color was substituted and children were surprised, they insis'ted the dis- 
play was still the winner because it had the expected number:) Although 
there was no explicit instruction to count the objects, children were often 
observed to count them aloud, indicating an association between the goal 
bf finding numbers of sets and the counting procedure. 

We represent implicit understanding of cardinality with the schema 
COUNT: 

(12) eOUNTW ^ . 

Prerequisites: Set of numerals, N; 

ordeiiN). 
Postrequisites: equaKX,SN)\ 
hoiind(SN:n). 
Consequence: numhcrXX) = 

Cbui^IT gives a procedural definition bf the number of a set. In it. 
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the coriceiDis of order and equality are synthesized.^ The use of an ordered 
set of numerals is a prerequisite of counting. Counting is complete when 
there is an_ initial segment of the numerals that is equal to the set to be 
counted. The upper bound of that initial segment corresponds to the 
number of objects in the counted set. 

111. PLANNING NETS 

In Scctibri Il^vve have presented a characterization of conceptual cdm- 
peterice for couritirig. Now we present derivations of planning hets'^ that 
relatie that cbrrifjetehce to perfprmarice in cduhiihg tasks. To derive plan- 
ning Hcts we require assumptidris about planning heuristics and knowl- 
edge about the, task setting, which we refer to as procedural and utiliza- 
tidnal competence.^ We discUss these cbmporierits of cbmpeterice briefly, 
and then present derivations of fjlanhirig nets for, couhtirig procedures. 

Ill, A, Procedural Competence 

In the derivation of planning nets, the schemata described in Sectib|i 
II function as premises, and planning nets are the theorems that, are de- 
rived: A set of inference rules is needed., and these are provided by a set 
of planning heuristics. • 

The structure of action schemata was patterned after Sacerdoti (1977). 
Consequences and requisite conditions are included in each action 
schema, which permits planning to occur essentially through means-ends 

_ * Our ireaiment of cardinaliiy and order here is similnr lo Gclman and Gallisidrs (1978, 
Chap. J 1) characierizalibn of young children's underslanding of equivalence and ordering 
relations. ^ 

a cbf a p la ri n i ng nel u sed here i s gc ncra 1 1 y _ s im i I a r to | ha | d e ve loped by Va n Lch n 
and Brown (1980), but differs in-some significant details. One of these is our use of action 
schemata as the premises of the derivationj VariLehri and Brown used cbrislrainls expressed 
as logical forms, Another is that VanLehn and Brown included heuristics for deriving .se- 
, quchtial properties of procedures; that is omitted in our ahalysi.s. where we allow planning 
to stop when a sufficient set of procedurai components has been derived. 
0 ^ The heuristic riiles that we have used in deriving pUihnirig nets fcr couritirig arej»iahdard 
in Ibe iileraiurc on planning (e.g., Fikes, 1977). A planning system was not implemcnicd in 
the work ihat we report here, so there is some uhcerlairiiy aboiii .the adequacy of plaririirig 
rules and the exact formulation of the other knowledge ih^ was po'ttulatcd, However, the 
extensions of standard planning methbdblbgy thai Would be required lb plari procedures 
for counting do not seem to raise conceptual difficulties that would change the main results 
of the analysis. In subsequent work, a planning sysiem is being Implemented, and although 
l^is has not been completed at the lime of ihis writing, preliminary results have been 
obtained apd reported in Smith and Greeno (1983). The resalts thus far bear out the ex- 
pectaiibri that the main conclusions reporicd here are valid. 
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anajysjs (Newell & Simon, 1972): Planning begins with the prcsehtatidh 
of a main goal , to find the number of a set of objects. The planner searches 
in the set of action schcmaja for a schema that has a consequence that 
malche^ the goal. When one is found, it is tentatively included in the 
plan, and its requisite conditions are examined. Prerequisites have to be 
satisfied before an action can be performed; corequisiles have to be sat- 
isfied throughout performance of the action; and postrequlsites have to 
be satisfied in order to complete the action. 

For each requisite condition of a schema that the planner has included, 
the planner first tests whether ihc condition is satisfied in the setting. 
The planner has some theorem-proving procedures that use information 
about features of the setting along with j^cncral principles th at link settin gs 
to conditions required for scherhata. (Understanding of those general 
linking principles is called utilizatibnal competence in our analysis, and 
we discuss it in the next subsection.) Requisite conditions can also be 
satisfied by effects of other actions in the plan. If the requisite condition 
is sati.sfied, the planner asserts the Sf?ecific features in the setting or the 
sid_e efTects that are to be used in satisfy^ing the condition. 

Requisite cbriditiphs that are riot satisfied are set as goals for planning. 
Planning proceeds by cprisideririg each goal that has been set_, searching 
for {in action scherria whose corisequerice matches the goal. If rribre than 
brie scherria is available, the plaririer keeps a recbrd bf alterriatives, eri- 
ablirig rbturri tb the chbice p>birit if the altei riative chbseri first cariribt be 
developed successfijlly. If there are alterriatives that require differerit pre- 
requisite cbriditibris, both (or all) the schemata cari be iricluded iri the 
plan, along with an exjDiicit test that will determirie which of the actions 
should be performed during execution. Actibri^ that require multiple steps 
can be included, along with tests for their cbmpletibri. 

Planning is complete when all the goals that have been set are satisfied 
by consequences of actions that have been included in the plan. 

HJ:B, UUHzatroml Comperem e * 

The o^nderstanding' represented by conceptual schemata and planning 
heuristics mast be combined with knowledge about the setting in which 
counting will occur to derive a procedure for performing the task: The 
system includes general principles that can be used to prove theorems 
about the satisfaction of requisite conditions by features of the task set- : 
ting. We refer to this as utilizatibnal competence, since it is knowledge 
that enables features of the setting to be utilized for the application bf 
conceptual corripeYence. Utilizational competdhce enables the planner to 
determirie that features of the task setting can be used in developing itS; 
plan. In rriakihg these deterrrimatibns, the planner uses a simple theorem 
prbyer that contains rules for rne^king inferences based bn features of the 
settirig. 
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An illuslratidri of utilizatibnal competence invojyes the way in which 
objects to be cdurited are arranged, and restrictions jhat may be placed 
on moving the objects. In one situation that we have analyzed, the objects 
are arranged in a straight line. This is relevant to the requirement of. 
niaintaining a pariilidri between the set of objects that have been tagged 
and the objects that remain untagged during counting, (This requirement 
is in the conceptual schemata as a corequisitc of MATCH:) UtiHzational 
competence includes a prdpdsitibri that objects in a siraight line can be 
ordered, starting at one end and prdeeeding to the other. Then the par- 
tition that is required can be mairilained by using the spatial sequence in 
tagging the objects. • 

We also wiji 'discuss cpunting in a selling where objects are not ar- 
ranged-in-a-straight line; but can be rndved from one location to another 
Using a proposition in utilizatidilal cdrripeterice, the planner determines 
that the partition of tagged and untagged dbjecls required by MATGH 
can be achieved by designating a spatial regidri fpr locating the tagged 
objects.. 

///.C. A Ptcinnrng Netjor ''Standard €oimiuw" 

In this section we derive a planning net for counting in one silualibn. 
where the objects to be counted are arranged'in a straight line. In sections 
that fdlldw, we discuss generalizations of the analysis involving variations 
in the sctlirig and with constraints imposed on counting objects that are 
in a straight line. 

To fix the target df the an_alysis. recall Fig. 2, a procedure for counting 
objects in a straight line.. This is a simplified version of the j5roceduVe 
that yvas implemented in the process model SG. which, we discuss in 
Section I V. Our goal is to provide a structural analysis of this procedure 
that shows how it is generated from the principles of counting, in the 
ror_m of the act|on schemata described in Section II. 

Figure 4 shows a portion of the planning net Lhat is generated from a 
goal of finding the number df a set df dbjects. Figure 4 is generated in 
the first several steps of planning. 

We now comment on notation invdlvcd in Fig. 4. Thel diagram refers 
to goals and actions, and planning rclatidns amdng them. Goals are shown 
in hexagpn.s; actions are shown in rectangles. The actions are instances 
ofa^tion^ schemata that were discussed in Sectidri II. Relations between 
-zi^idris and goals are jabejed as prerequisites (prereg), corequisites 
(cdreq), pbstrequisites (postreq^gonsdquences (cdnseq), arid effects. Re- 
call that a pr^cqui^ an action cari be performed, 
a cdreguisi^cTitL^ kept true throughout performance dfari action, and 
a pdstrequisile must become true for the action to be completed. A cbn- 
sequence dr ari effect becomes true as a result of performing the actidn. 
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Fig. 4. Portion of planning net for standard cbuniihg. 



The phrases iri Fig. . 4 that are in parentheses refer in brief form to con- 
ditions that are satisfied in the task setting; propositions in utij 
cbmpeterice are used to prove that these -conditions are satisfied. 

The planning process begins when the main goal numBer\L) is pre- 
sented. L refers to a specific set of objects that are to be counted; recall 
that we call it L as a reminder that theiiuects^^e arranged in a straight 

line. . ^"^l \ ' - - - - 

the planner tries to prove a theorem that 7iumber\L)\s already known. 
This fails, so it becomes a goal for piannirig. The planner searches among 
the action schemata for a schema with a Consequence that matches the 
goal, COUNTW [s jound and is tentatively placed in th^'plari, with L 
Identified ^s its argument. 
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Next, COUNT(L)'s requisite cdndilidns are examined. The prerequi- 
site is an ordered set of numerals with initial segments, and Utilizatidnal 
competence shows that this is satisfied. (For purposes of planning, mental 
objects that are in memory are considered as part of the task setting.) 
The planner then notes that the set N and its initial segments, SN, will 
be used in the plan. The postrequisite of CbUNT(L) is a segment SN 
that is equal to L. This is not provable in the setting, so the planner sets 
eqiial{L/SN) ?LS a goal. 

A search is made for a schema with equaiiX.Y) as its consequence. 
Two are found: UAteii0C,Y) and KEEP-EQBAt-INeREASE(^. 
The prerequisite orKEEP-EQUAfc^NeREASE cannot^ be satisfied for 
the arguments L and SN; they are not equal, as is required. MATCH 

r equires arguments with initially empty subsets, and this can be satisfied; 

NrATGH(£.Wris selected and tentatively included in the plan. To include 
MATGH, the planner is required to designate a partition of £ that will be 
used to satisfy its corequisite. The planner notes that L is arranged in a 
straighLlihe and infers (with utilizalic)hal :cdmpetehce):thal L can be or- 
dered. The subset of L to be used is designated as the initial scgrheril SL 
formed by the ordering, _ : / 

The remainirig requisites of MATCH(L^M are the pbstrequisLte that all 
members of L should become members of 5L. andlhat SL arid SN should 
be kept equal while MATCH is beirig performed. These are set as goals. 

To plan for the goal irivdlvirig all members of L, the plaririer needs sdriie 
special kndwledge abdut iterative prdcedUres. There is rid actidri schema 
that takes a set as an argument and rilakes it equivalerit td aridther set; 
however, there are schemata that take individuals as argtiments and put 
them into a set. Td enable use of these schemata, the planner cdnvcrts 
the goal about L into a goal involving members of L and a test for com- 
pletion. The goal is one-rrrore{L\SL\a)\ where a denotes some object that 
will 'be added to and the compjction test is the absence of any mem- 
bers of £ that have not^become members^f 5t. 

The planner proceeds to work on achieving oiW'morv{L,Sh,u). This 
results in a condition that violates the corequisite of keepmg SL and SN 
equal, because an oBjeet will be added to SL, A search is made for a way 
to maintain equaHSL.SNh ri^^^ KEEP-EQUAt-!NeREASE(5£.5N) is 
found. Its prerequisite is satisfied in the pidn. It has two postrequisitcs; 
; one-more{L,SL,a) has already been included in the plan, arid the other, ' 
one-mQre\N,SN \c) is set as a goal. The corequisites of KEEP-EQUAL- . 
INCREASE are also set as goals; they eventually are cbrifirmed as being 
satisfied by properties of aclibris that are chbseri later to satisfy the one- 
more go?As, 

Figure 5 shows the plaririirig riet cbriipleted urider the gbal of o/z^-m^?r^ 
uritil there are rib riibre bbjccts tb cburit. There are twb scheriiata with 
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Fig. 5. Compietion of planning for one-more (L.SL.a). 



Ihe.cdnsequerice (7/7£-/^^^ a set: INITIALIZE ^rid INCREMENT. A 
prerequisile of INITIALI^^ is that SL is empty; a.pfercqUisile of 

INGREMENT(L,5L) is that SL is ndnempty. The planner adopts I^4I- 
TIALIZE(L,SL) since its prerequisite is known to be satisfied at the 
beginning of counting^^However, peiforrnance of WITIALIZE(L,SLJ has 
the effect of making SL nonempty, and since one'-more mu^t be satisfied 
repeatedly, the planner includes INCREMENT(L,5£) in the plan as well. 
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The theorem prover infers that repeated use of INCREMENT(L,5L) will 
eventually reach the last object in L» and thus will satisfy the goal of 
having no objects in L that are not in SL. 

A further prerequisite of INITIALIZE(t»5i) is that there is a first 
member of t; this is verified by utilization knowii^dge: This first member 
is henceforth referred to^as ^« A postrequisite is that a should become 
the upper bound of S£; ^n^Jhi^J? set as a goal. This goal can be achieve^ 
by ASSiGN(^£?w/7f/,«)» which requires which can be achieved 

by RETRiEVE-FIRST(5'£)^ A parailel plan, diffenng only in details, is 
developed under iNeREMENTCt^S't). 

The plan is completed by a network similar to Fig. 5 that is developed 
for the goal o/7e-more(N,5N;c), the goal of increasing the set of used 
nttmerals . _ 

The cpmplcted planning net for standard counting is shown in Fig. 3, 
with the diagram abbreviated by the omission of prerequisite conditions 
that are achieved with utilizatidhal competence arid the goals that are 
. achieved by siriglc actions at the base of the network. The actioris also 
have been ordered sequentially as they would -be for the prdccdurc to be 
executed. (We did riot analyze the kripwledge rieedcd_to_ arrange actioris 
in order for execution, but see VariLehn & Browri» 1980.) The plaririirig 
net represerits cbristitUerit uriits of the procedure, groupirig together ac- 
tions that are included to achieve each goal that is required, for cbUritirig 
to be done correctly. It also indicates the rclatibhship between the actions 
in the procedure and the principles of counting, showing how the pro- 
cedure satisfies the goal of finding the number in a set by forming a set 
of ordered numerals that has a one-to-one correspondence with the set 
"of objects. : 

1i1,f>. Fh':xihiiity and Rohusviess . 

(Senerative capability is the hallmark of competence, and a major goal 
of a competence hypothesis is to give an account of the generative char- 
• acter of. knowledge, in this section, we describe analyses of counting 
procedures that differ from the ''standard** case presented in Section 
III.C. We discuss two forms of generative capability, which we callyZct- 
ibiJUy and robustness. Flexibility Is the ability to generate procedures for 
achieving a goal iri a variety of task settings. Robustness is the ability to 
adapt a procedure to accommodate constraints that are not ridrmally im- 
posed iri the task. ' 

FlexihilUy, Orie iridicatiori that an iridividual has coriipetericc, rather 
thari a riiechariical skill, is that the jridividual cari perform the task iri a 
variety of settings that require differing procedures. Differerit settirigs 
provide different resources arid requireriierits for implemeritirig a prbce- 
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dure» and differenl utilizalional compeience is required for successful 
piartning. . 

An outcome of analyzing compeience for counting in different task 
settings is ide^ntification of the conceptual ''core" of competence for 
counting. The schemata that are used in deriving pj-ocedures for counting 
itt all of its settings correspond to the_ess en t^iai principles df couutlng, 
and thus can be distinguished from components of competenice that are 
required by task characteristics that can be varied without changing the 
essential nature of counting. 

We have analyzed procedures for three settings that differ from the one 
discussed m detail in Section III.G. In two of these settings numerals arc 
used to count objects, and different methods are found to maintain a 
partition in the set of objects betwecsn those that have Uceu lagged aiid^ 
those that. have riot. In the third setting there, is a procedure for matching 
a set of tokens with a set of objects, where the tokens are physical objects 
rather than numerals or any other stably ordered set of tags. This 
sharpens the defmitioln of ''cbuntihg,\* providing a case that is imuitivcly 
outside the domain bfcouritirig, enabling a judgment of necessity of some 
of the competehce in our characterizatibri. 

_ In one situatibri that we have analyzed, a special location is designated 
for the ofctiects that have been tagged. Initially, all the objects are at a 
place called the Source^ aiid as they are counted; they are moved to a 
place called the The schemata PICK-UP, PUT-DOWN, and ADD- 
TO provide actions that change the locations of objects and thereby in- 
crease the set of objects that have been counted. , ^ 

In another situation that, has been analyzed, the objects cannot be 
moved, but there are physical markers that can be placed on objects that 
have been included in the cqunj^ For this situation^ the schema ADD- 
MARK is used to accomplish the goal of adding a riew member of the 
counted set: The planner accomplishes the postrequisite of ADD-MARK 
using PICK-UP and PUT-DOWN, this time changing the location bf a 
marker rather, than an object. 

A third variant on standard counting that has been analyzed uses many 
of the comporients of the conceptual structure of cburitirig; but ribt the 
scheoia CQUNT itself. In this situation, a set of bbjccts is presented, arid 
ariother set is to be Constructed that is equal to the preserited set. Oric 
could imagine a transaction in which a person is buyirig sbriie large ob- 
jects — say, used cars or stacks bf hay— and the task is to fbrrii a set of 
coins that is equal to the set bf blyects beirig purchased. The setting that 
was analyzed iriclud[cs a cbnslraint that the bbjects carirlot b,c moved, but ' 
can be tagged with markers. The tokens used for the bbnstructcd set can 
be placed iri_a_jspecial Ibcatiori. The procedure that was derived has the 
schema MATCH tb satisfy the riiairi goal of an equal set, and derives 
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s^bprocedures that use ADD-TO wn ADD-MARK to maihtairi the par- 
tition of tagged objects, and with the special Ideation to mairilairi the 
. partition of used tokens: 

The planning nets for these three procedures are all closely related to 
Lhe planning net for counting objects in a line, derived in Section III.C. 
Recall Fig. 4. The nets for counting objects by moving them into a pi|e 
and by marking, them have all the components of Fig. 4, and also have 
the same expansion under c>/;r-wOT(M5yy.r) as the planning net for db- 
jects in a line. They differ in the planning nbt that is derived under the 
goal one-nioreiL^SLM)^ In the case of movable objects, the planner uses 
a proposition (in utilizational competence) that a special location can 
prQy_^Ie^L^rg;per^ that identifi es a subset , and inctpdex..Am^^ 
. PICKrUF and l -DOWN to'satisfy the goal onv-morv {ov the set of 
tagged objects. When the btyects are not movable, but markers are avail- 
able, the planner uses a propositiori that a subset of marked objects can 
be identified drid cbristructs a net with ADD-TO, ADD-MARK, PICK- 
UP, and PUT-DOWN. 

The schemata that are included in all of the counting procedures can 
be considered as the cdhceptuar core of counting, distinguished from 
other schemata that are heeded for counting to be accomplished in sfje- 
?^^^ J^^^ provides brie Way to distinguish between com- 

P^^^"^J^ ''^"^_P?_^!^^^^^"^^^^^^ I" corisidenrig children's competence for 
^^""^'^^v ^'^^^J'^???" consider the cdmpbrierits that vary among 

task scttmgs as knowledge that enables a child's cdmpeterice for counting 
to be appHcd in the various settings. For exa^ child might have the 
basic cognitive structures that wc represent with the schemata COUNT, 
MATCH, KEEP-EQUAL-INCREASE, and so on, but not have a schema 
such as ADD-MARK that would enable a subset of objects to be iden- 
tified by placing markers on them: This would lead to failure in ^dme 
counting tasks that we would not \yant to call a lack of competerice for 
counting, but a failure of performance of the kind Flavell, Beach, and 
Chihsky (19(56) called a production deficiency: 

Note that this distinction between competence, and performance is rel- 
ative to the choice of a set of task<j taken to involve counting: a choice 
that is not entirely arbitrary, but depends on a kind of ihtultlve judgment: 
An example is provided by the procedure that matches a set of tokens 
arid a set of objects. Our intuitive judgment is that a procedure that forms 
matching sets is riot in the set of procedures that should be called 
**countirig,'V even though many components of counting are included. 
Indeed, dUr analysis provides a precise characterization of the ways in 
which the oric-brie procedure is similar lb counting, iind we have cited 
as evidence for dUr arialysis Miller's (in press) oBscrvatidn that children 
choose a matchirig procedure when asked to produce equal shares of 
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objects. The intuition that a matching procedure without numerals or 
some other stably ordered set of tags is not counting supports the sepa- 
ration of COUNT and MATCH as! separate Schemata, sincd that distmc- 
tion enables both counting and the related matching procedure to be 
generated from a set of shared cognitive structures, bat also preserves 
an apparently significant distinction among procedures. The mtuition also 
supports a judgment that competence for counting includes implicit un- 
derstanding of a requirement to use a Stably ordered set of tags— usually 
the namerals— and the significance of subsets of that ordered set in as- 
signing the property number to. sets of objects: ' - 
The disti nctio n between schemata in competence and performance is 
not a simple partition. Some s^-emata, sdcff^s COUNT, MATCH, and • 
KEEP-EOUAL-INCREASE, seem to belong clearly in the competence 
for counting, and some others such as PICK-UP and PUT-DOWN seem 
to belong clearly in the performance component, since they are not used 
at all in some counting procedures, On the other hand, there are schejmata 
that are required for counting, sach as INITIALIZE and INCREMENT, 
needed to relate the relation of precedence in an ordered set and subset 
membership, that also are ased in implementing counting procedures in 
special circumstances, such as a situation whexc- the objects are arranged 
in a straight line. INITIALIZE and INCREMENT seem to belong in the 
competence for counting, but use of these schemata is an im|5ortant ele- 
ment of utilizational competence as \yell. : 

Robiisxmsh Another way in which knowledge can be generative in- 
volves ability to adapt 'to new constraints that are imposed on perfor- 
mance An analysis of conceptual competence should show how suc- 
cessful adaptations depend oh general cbhceptual structures: The analysis 
also can show how adaptations that are only partially successful can be 
gctierated when significant components of conceptual cqmpetence are 

neglected: ' ^ u * d r 

We have done an analysis of robustness in counting, using the task oi 
modified counting studied by Gelman and Gallistel (1978). described at 
the beginning of this article. Recall that the task asks a child to count 
some objects repeatedly with each count constrained so that a specified 
• numeral is to be paired with a specified object;.for example, the experi- 
menter may point tb^the second object in the row and say, "Make this 

ihcfoiir.,'' , , M u\C„r, 

In Gelman and Gallistel's experiment, most of the 5-year-old children 
gave nearly perfect performancc^that !s, they used proceUures that com- 
plied with all of the counting principles on at least 9 of the 10 trials 
Performance by most of the vonnger children involve d 4ess.sugcg§|mi 
adaptatibris, with violations of one or more of the counting principles. 
Typically however, these children used procedures that were partially 
consistent with the principles: A major goal of bur theoretical analysis is 
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to show how a variety of procedures, involving partial compliance with 
principles, pan be understood as results of failures to utilize certain spe-. 
cifiable components of conceptual competence; 

To perform the constrained task, a child is required to modify the 
. normal counting procedure: As the analysis of Section Iii:C shows, the 
linear arrangement of objects supports a procedure in which the partition 
between tagged and untagged objects is kept by remembering the last 
object that was tagged, in the^constrained task, either the spatial array 
itself has to' be changed, or a modification of the procedure is needSed to 
avoid violations pf counting principles. 

Indeed, some of the children responded to the constraint by changing 
the display. Denote the objects A, G, D, arid E iri their spatial. order. 
NVhen the instructibri was to Vmake B the one,'' they moved B to the 
front; for \'make B the hvo," they put B back in its original pbsitibri, and 
sb bri. This reflects sophisticated kribwledge about the prbcedure, iri- 
vblving understanding bf the cbriditibns that enable the prbcedure to be 
perfbrmed arid gerieratibri bf a rriethbd for restbririg the needed cbriditibns 
wheri they are ribt made available. We have riot arialyzed adjustrrierits 
that restbre the coriditibris for the cburitirig prbcedure; however, empirical 
analyses of kribwledge for such aiiyustmerits was cbriducted iil the task 
of firidirig the area of a parallelogram by Morris and Resnick and by 
Pellegnnb and Schadler ^^(^^ 1916). 

The cases that we have analyzed involve rnddificati 
procedure. The features that are required fbr any procedure to conform 
to the added constraint are tests to determine whether the object or nu- 
meral that is retrieved is the one that is constrained. Procedures differ in 
the auctions that are tak^n as a res^ult of these tests. 

First, we discuss a modified procedure that we call SC-l; part of its 
flow chart is in Fig. 6. in SC-j, tests for the special object and numeral 
are included in a very simple way: When either the special oBject or the 
special numeral is encountered, the other constrained element is retrieved 
to accompany it. The sequence of actions is modified from the procedure 
for standard counting, shown iri Fig. 2, by delaying the assignment of 
bound fbr an object uritil after a numeral has been retrieved. This is 
needed for those cases iri which the object retrieved first has to be re- 
. . placed by the special object because the special riuriieral has been re- 
trieved iri'the riiearitiriie.^ 

■ . ■ ^ 

' The part of the procedore shown in Fig. 6 applies after counting has: been initialized. 

_^__in_lhe-proced ure- for- s|a nda rd cbu nt i ng, • shown i n Fig . 2 ♦ t he subp rbced u re shown in Fig. 
6 replaces the. four Retrieve and Assign steps in the lower left section of Fig. 2. A similar 
modification of the standard procedure is required in the ihilializatibri^Jiivjlyih g tests- 
whelher the first object or the first numeral have_becn_dcsignated as special. Similar remarks 
apjjly to the subprbcedures that are shown in Figs. 7 arid 8. 
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Retrieve next object 
p«si bound 




Retrieve rvexl numeral 
after bound 




Retrieve special 
numeral 



No_ 



Retrieve special object 



Assign bound to 
attended object 



Assigf) bound to 
attended numeral 



Fid. 6: Modified counting by Model SC-I. 



SC-I-s perforniarice cdrifdrms to the added cdristraiht, but it violates 
prie-tb-dne cdrrespbnderice and cardinality. For example, if the constraint 
is/'make B the/owr," SOI counts lA^one), (B,foiir), (C;fi\^^^^^ 
(E, seven). For '/make D the I'lvo,''. SC-I counts (A,o«i?), (b,?M'D), 
(E,/Aree)^N^t^hat^G^^ and the spatial order 

of Objects in the weak serise that no reversals occur: Violations of one-^ 
to-one correspondence and cardinality result from skipping numerals, 
rather than using them in their standard order, and from not^ returning to 
objects that are skipped vt^hen the constrained numera l is enco untered. 
j^econd-4notUficatibn-of-G0unting-that-agrees'W 



some children conforms to the principle of one-to-one correspondence, 
bat modifies the order of numerals. We call this modified procedure SC- 
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2; part of *ts flow chart is m Fig: 7 prop^srty, 
marked, to remember whether the special numeral has been used, if the 
special object is encoantered first, the special numeral is retrieved and 
assigned the property marked, bat the apper boand of ased numerals is 
riot changed.^When the special numeral is retrieved as the next member 
of the list,'SG-2 skips it. 

For "make B the/bwr,'' SG-2 counts (A,o«e), (B,/owr), (€,Uvo)\ 
iDjhree), iEJJve)\ for ''make D the two,"" it counts (A.ohe), (Bjfireeh 
\C.fourh (D,/>vo)» iEJive), It could be argued that ihis procedure counts 
correctly, although it would return an incorrect result if E were the con- 
strained object, a condition riot tested by Gelmari and GaHistel. 

I . • \ 



Retrieve next object 
past bound 



attended object . 




Retrieve next numeral 
after attended numeriii 



Fig. 7. Modified counting by Model SC-2. 
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__^_^^'''^_'?P^'*^^^i'_^"^^^P''^s with the added conslrairit and with the 
general principles as weU. JThis procedure, which we call SC-3, ignores 
the position of the constrained object, but otherwise proceeds as in start 
dard counting. Part of the flow chart for this procedure is in Fig. 8. SC- 
3 is analogous to Se-2, except that priority is given to using the numerals 
in their standard order. When the speciaj numeral is encountered, SC-3 
retrieves the special object and assigns the properly marked to it; When 
the special object is next in the spatial sequence it is skipped; Except for 
the special object, the property bound is used to keep the partition of 
tagged and untagged objects. A feature of SG-3, not shown in Fig. 8, is 



I 

i 

Retrieve next humeral 
after iduhd 



Assign bound to 
attended numeral 



Special _ 
numeral ? 



No 



Retrieve special 
object 



Assign rhsirk to 
attended object 



Retrieve next object 
past bound 




Retrieve next object 
past attended^ object 



Assign bound to 
atterxied object 



FlG^ 8; Modified counting by Model SC-3. 
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that the lest for cbmplctidri of couriting includes determining whether the 
properly marked has been applied lo lhe special object. 

SC-3's performaricc conforms td*all of the cbUriting principles, in- 
ciuding use of the numerals in their standard order For example, for 
'*make B the/o//r/; it cbUrits {A,<^//f), iCjwo), IDdhree), JBJour), 
(E;/Tvjj?). For ^'make' D rhe /vVo," SC-3 cbUrits (A,d/;e), [Djwo), {Bjhreeh 
(C;^w/0, (E,/7ve). 

We have dcnved planning nets for the prbcedUres of mbdified cburiting, 
^.^"11 ^"^ SC-3. The conv:cptUal cbmpeteripe Used in these deri- 

vations is the same as 'that used for ordinary counting tasks, described 
in Section li. Additions are required in procedural arid Utilizatibrial cbrii- 
petence to enable the, planner to recognize exceptibris arid generate 
changes jn its use of setting features as well as prqcedures fbr Use wheri 
the exceptions are encoantercd. 

We briefly desci^ibe a derivation of the correct procedure, SC-3-, The 
goal numhcrit) is presented to the pjanner; along with the constraint that 
a specified object and a specified numeral should be pajred. The con- 
straint is interpreted in rdation to the schema MATCH'S cqrcqulsitc 
(recall Schema jO), involving a subscj /t of tagged objects and a subset 
B of used numerals. Let \ be the constrained object and v be the con- 
strained numeral, so the constraint is staled as, *'Make \ be the p." The 
iriterprctatidri given to the planner is that \ should become a member of 
A and v should become a member of 5 together — that is; ?^ e ^4. < = > 
V e B, _ _ . 

The first effect of the cbristrairit during planning, involves the prereq- 
uisite bf MATCH, the reqUircriierit of a partition of the set of objects. A 
prbpbsitibrt iri Utilizatibrial cpmpeiterice suggests using the spatial order 
of the objects tbftcep the parlitibri, bUt the theorem that is ne,cded cannot 
be proved because bf the pairirig cbristrairit— the special object X may 
^^^^ tagged but bf its spatial brder tb be paired with v. The planner's " 
solution is a partitibn that Uses ari exceptibri. The partitibri is based on 
initial segments of L, except fbr X, which is iri the. tagged set when it has 
the property of being m^r/rAc'ty. ; 

J^^l^ effects occur in plannirig fbr the one-more goals 

for increasing the sets of tagged objects and used riUnierals. Because the 
retrieved object or numeral may be in the constraint, tests fbr that are 
included in the proQcdure in -the way indicated in Fig. 8. Use of the 
retrieved numeral is given priority because of the ordering prcrcqUisile 
qT the COUNT-^hcTTrar-and the ADD-M^^^ schema is used to plan 
inclusion of the constrained 'objcct in the tagged subset. ' 
_3^e have derived planning nets for the incorrect procedures SC-i and 
SC-2 by assuming that selected components of conceptual competence - 
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— .. ■ ". . ^ ^_ 

are not Utilized: SC-2 can be derived by neglectirig the prerequisite of 
eOUNT that reqm use of -the ordered set of numerals. Then the 
planner can decide to partition the objects according to their spatial order 
and use ^he special numeral 'whenever the special object is retrieved. The 
procedure SC-I;- can be derived if the corequisites of KEEP-EQUAL- 
iNeREASE are neg^lected; The require that when a member 

is added either to the tagged objects or the used numerals, exactly drie- 
. new member is to be added. The corequi sites prohibit skipping numerals 
or objects in the ordered sets, because a skipped object or numeral be- 
comes a member of the ini^iai segment when the upper bound is moved 
to an item beyond it in the ordered set^ When the corequisites are not 
enforced, numerals or objects c^n be skipped by moving the upper bound 
byjmdrc than one position, as occurs in the performance of SC^l. 

Planning nets for incorrect procedures couid also be derived by as- 
suming incomplete conceptual competence, instead of incomplete utili- 
zation of conceptual competence. There' is unavoidabie uncertainty in 
determining whether, a failure of performance is caused by a jadk of 
knowledge or from a failure to use the knowledge appropriately. We con- 
sider it more likely that partially correct procedures in the modified 
counting tasks result from failures of utilization, given the considerable 
body of evidence that supports attributiph of substantial competence to 
preschool children in the domain of number. 

IV. SIMULATION OF PERFORMANCE ^. 

As v^^e menlioned in Section I.A., diir analysis of the understanding of 
couming principles began with the development of a model that simulates' 
sklient aspects of children's performance in counting tasks. In this sec- 
tion, we describe this model, called SC, and discuss its relation to the 
analyses of competence in Sections II. and III.' 

There are some important^ components of SC that do not appcarnn the 
analysis of competence, and vice versa. Components of SC that arc not 
in the analysis of competence can be considered as implementations of 
general functions that are specified in the competence analysis. (We will 
note ihai this distinction depends strongly on the focus of the theoretical 
analysis.) Components of the competence analysis not present in SC rep- 
resent structural characteristics of the counting- procedure and their re- 
lations to the general principles of counting and number^ 
. The task of counting objects is presented to SC in the form of a set of 
objects, each represented as a label and a pair of spatial co-ordinates. SC 
has an ordered list of numerals stored in memory, v/ith one of the nu- 
merals designate'd as the first, and with adjacent members in the list linked 
by the relatibri next. _ : 

The fjrd^edure for cduritirig represented in. SC 1s summarized in the 
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flow chart sh()w^n in Fig: 9.'^ Figure 9 may be compared with Fig. 2, the 
simplified version that was used for our analysis of competence. SC in- 
cludes two sets of components that were not considered in the compe- 
tence analysis. Gne of these involves representation and memory oper- 
ations involving Jhe goal of counting. The_ other involves perceptual op- 
erations of scanning and forming gestalt groupings of objects in the set 
^tb be counted. 

The operations involving the counting goal were described in Section . 
LB. A representation is formed, including a' goal stored in memory to 
. find the number of objects in the set; then when counting is completed, 
the goal is retrieved from memory and ah association Bet>veeh the last 
humeral used ahd the couhted set is stored. 

Perceptual bperatiohs ih SC provide a mechanism for the process of 
moving through the linear array of objects. The general idea that we used, 
taken from. Beckwith and Restle (1966), is that the partition between 
tagged and untagged blyects is kept by a process bfgrdupihg the tagged 
objects, based oh gestalt prihciples. We implemented a simple versibh of 
- grdupihg for the case irivblvirig bbjects in a straight line. ' _ 

After stdrihg the.cbuhtihg gbal, SC identifies a small group of bt>jects 
at one end of the array: It Uses the pbsitibris bf these bbjects tb determine 
a direction for scanning, which wjll be Used in moving its atteritibri albrig 
the array. Then SC identifies the object in the initial perceptual group 
that is at the end of the array, and assigns to that object the property of 
yPP*^/* bound of the subset bf tagged objects. SC then retrieves 
the first member of Its stored list of numerals and assigns to it the property 
of being the upper bound of used numerals. 

• SC continues to count by repeated execution of a subprocedure: a new 
object is brought into attention and is made the bound of the tagged 
subset, and a jiew numeral is retrieved and made the bound of the used 
subset, in moving^ttention to a new object,^ if there is an object in the 
. curreht perceptual group that has not been taggedi attention Is moved 
froin the current upper bound to the next object along the scanning path. 
If the curreht group cbhtaihs no uhtagged bbjects, but there are more 
bbjects ih the set, the grbup is exte.nded by ihcludihg more bbjects albhg 
the scanning path. . . 

Retrieval bf the next humeral is simpler ih our simulatibh than retrieval 
bf the next blyect. We assume that the list bf humerals can be retrieved 

A detailed descnptidh of SC has.beeri given by Riley arid Greerib (1980). The secjuehce 
of steps in the Implemented program differs in some details from the procedure described 
here. The version presented here can be described more easily; iv is compUtatiorialty equiv- 
^I^DLVP ycrlipnJJiaA the discrepancies are irrelevant to the sub- 

stantive questions that we arc addressing^f 
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Fig: 9. Procedure for standard counting represented in SC. Prerequisites of components 
labeled with * rnay be violated by pairing constraint. . * ^ 
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from memory, with the accumulated set of previously used numerals 
serving as the cUe for retrieving the next numeral in the list." 

SC determines that cbunting is finished when it attempts to extend a 
perceptual group and. finds no more objects to include. Then the goal to 
determine the number of objects is retrieved from memory and is^ 
achieved by storing an association between the numeral used last in the 
process and the symbol that refers to the set of objects. 
' In addition to simulating standard counting with SC, we also developed 
simulations of three modificatjons of the counting procedure for the mod- 
ified task in which a specified numeral and object are required to occur 
fogethen The mod^^ procedures; called S6-l; 56-2; and 56-3^ are 
described in Section iiI:D: The modifications consist of tests inserted in 
the procedure when a numeral or an object is retrieved, to determine 
whether it is the special numeral or object. The procedure includes ac- 
tions used when the special numeral or object is identified that either 
retrieve the other item or delay- use of this, identified item until its mate 
is retrieved. The three modified procedures difler in these actions. The 
simplest model, SG-1 , just sKijjs to the other special item whenever either 
the numeral or bbjedt is retrieved. SC-2 skips to the special numeral when 
the object is retrieved, but if the numeral is retrieved SC-2 delays its use 
until the object is retrieved. SC-3, a correct mbdificatipnt skips to the 
specidl bblect wheh the special humeral is retrieved, arid if the object is 
retr!eved_SC-3 delays tagging it uritil the special numeral is retrieved. 
; Mariy features of bur prbcess riibdels are intended to simulate perfor- 
mance that is relevant to the principles of cburittrig. in Section l.B. we 
discussed the principle of cardinality arid described SC's use of a symbol 
to represerit the set of objects to be cdUrited, storage iri memory of a goal 
to firid the number of objects, arid formation of ari association between 
the last numeral used and the symbol that represents thfe set. These fea- 
tures provide simulations of chiidren''s successful performance of 
countirfg, and provide mechanisms to account for two features that can 
be interpreted as flaws. The explicit representation of a set should be Jess 
likciy if objects are referred to using a class noun rather than a collection 
noun (cf. Markman; 1979), and counting of larger sets would make it less 



\ This is a more restricted retrieval prbcess than the brie described by Riley arid jGreerib 
(1980), where the cue was a' single numeral with the- properly **Current." The main differ- 
erice is that the model described here cariribt retrieve the successor of an arbitrary riumcral 
that is presented. Fuson, Rich;irds. and Briars*s (1982) data indicate that young children 
cannot begin counting at arbitrary points, although they seem to have n few entry points 
Into the counting string. The model we describe here could be considered as an initial 
knowledge structure, where only the first numeral can be used to enter the Jist, with ad- 
ditional numerals becoming usable as entry points as a result of further learrii rig. 
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likely that the goal to associate a numeral with the set would be retained 
in memory (cf.^Gel man & Gal|isteK 1978). 

SC achieves one-to-one corresondence with a simf5le device: the pro- 
cedure that assigns the property bound to a new object includes setting 
a goal to retrieve another numeral, and the scanning procedure ensures 
that all the objects in the line are included in the count before it is com- 
pleted: When children make 6rrbrs regarding one-to-one correspondence, 
they most frequently skip or double count an object, rather than making 
errors in the ^brder of numerals. SG provides an interpretaMon of this 
fmding, in its relatively more complex procedure for spatial scanning and 
formation of perceptual groups than the simple retrieval of numerals. The ; 
more complex procedure regarding the objects should be more prone to 
errors, in agreement with the empirical result. 

Agreement with stable order of numerals is achieved simply by having 
the numerals stored in memory in an ordered list, with a retrieval process 
that keeps a memory record of the numeral used most recently to retrieve 
its successor. Iridiffererice to the order of tagging bhyqcts is simulated by 
use of the spatial arrari^emerit to tag the objects,, rather than identities of 
the objects. Thus, if objects are rearranged arid recburited, the brder bf 
taggirig objects will be chariged by SC, as it is by childreri (Gelmari & 
Gallistel, 1978). Perfbrmarice iri the rribdified £bUntirig task alsb is relbvarit 
to the order of numerals arid bf bbjects. SC-3 is a procedure for, the 
modified task in which use of the stable order of numerals is maintained, 
and the order of tagging objects is modified. 

The procedures and data structures implemented in SC provide plau- 
sible hypotheses about the cognitive processes and structures of chil- 
dren's performance in court'ting tasks: The process model does not in- 
clude hypotheses about the ^.ay in which principles of counting are un- 
derstood, or of the way in which that understanding is related to the 
performance of counting. This is the contribution of our analysis of com- 
petence, presented in Section II, vyith the derivation of planning nc:ts in 
Section III that provides an explicit connection between the principles 
and compjjnents of the process model. 

~ The process model includes; several components that are' not derived 
in our analysis of competence, involving such processes as stbririg arid 
retrieving a goal in memory arid perceptual groupirig arid scaririirig. The 
mcHibrial and perceptual processes iri SG cari be iriterpretecl as parts bf 
an analysis of performarice, rather than as cbriipctcrice for couritirig. Thcy 
provide, impleriicritatibns of processes sUch as the retrieval bf bbjects in 
the_plannirig nets. Ori the bthcr harid, iri ariblhcr arialysis dealing with a' 
differerit set bf pririciplas, there wbUld be'schemata fbr processes such 
as perceptual grbupirig arid scaririirig. arid membrial processes. For ex- 
ariiple, sUppbse ari arialysis were made bfcbmpctence underlying pcrfor- 
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mancc in a visual search task. For such an analysis, schemata would 
include actions that determine spatial configurations and scanning: These 
would provide a hypothesis about knowledge of spatial principles under- 
lying performance, comparable to the knovvledgd oT principles of counting 
that we have analyzed. The implication is that we cannot partition knowl- 
edge structures into a s^t that should be called ''competence'- and an- 
other' set of structures called ''performance," except in the context of ah 
analysis of competence regarding specific principles arid cbricepts. . 

V. DISCUSSION 

We have preserited a prbposal for characteriziriglriiplicit uriderstaridirig 
of principles as a form of cogriitivcf cbriipeterice. The analysis has three 
coriipjbrierits: coriceptuaU procedural, and utilizatibrial competence. Con- 
ceptual cbmpeterice, which we have discUssed in detail iri this paper, is 
represerited as a set of schemata that cbristitute conceptual structures in. 
the task dbriiain. These are formally equivalent tb a set of axioms for the 
dbriiairi, but their fdrmUlatibri as action schemata enables their use, as 
preriiises for deriving plarihihg nets for procedures. As with axiomatic 
analyses, the level of abstraction is determined, by a choice of where to 
start. In Analyzing counting, we chose a set of schemata that correspond 
to principles of cardinaiity, order, and one-to-one- correspondence, but a . 
higher or lower level of abstraction could have been ase± 

The derivations also use procedural competence, in the form of heu- 
ristic planning rules, and utilizationaj competence^ The pjannmg heuris- 
tics play the rble of inference rales i^n the derivations and correspond to 
general competence underlying procedural knowledge. Utilizational com- 
petence provides corinections Between features of the setting in which, 
procedures are to be performed and conditions that are required for cdri- 
ceptual knowledge to be applied in that settirig.; 

The analysis has clarified several aspects of the distirictibri'bctweeri 
competence and performance. First, the process of accessing arid ap- 
plying conceptual competence is riot siriiple. A cbmplex iriteractibri 
among difTercnt kinds of knowledge that jriclude general principles about 
actions dnd relatibris. betvyceri features of a situatibri arid requireitierits of 
performarice is involved in gerieratirig proceduries for performance that 
coriforjh tb gerierdi pririciples bf a doriiairi. 

A secbrid cbriclusibri is that distirictibris between cbmpetence and per- . 
fprriiarice should be viewed as being relative to the level arid focus of a 
thebretical arialysis, rather than reflecting intrinsic differences in struc- 
tlires of knowledge. A distinction between competence and performance 
cari be based on the grain size of a competence analysis, which specifies 
a structural descriptioh of procedures down to a qmte arbitrary level of 
detail: From the point of view of that analysis, additional procedural 
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details included in a mpdel that simulates human behavior can be con- 
sidered reasonably as procedures needed for performance that imple- 
.mehts the specifications in the competence analysis: 

Another distinction between competence and performance is obtained 
if we identify components in a "core" of competence foratamily of tasks 
that are intuitively members of a single class. Then the knowledge struc- 
tures that vary among procedures within the class can be considered as 
fequirements for performance that conforms with the core principles: 

The derriHrcatidn between competence and performance would be dif- 
ferent in analyses with a diflfererit thebretical focus or a different level of 
^A^^^- different choice of grain size in the competence analysis would 
relegate a different set of processes to performance implementations. 
More significantly, different conceptual principles could be analyzed, for 
example, spatial principles instead of numerical principles, and this would 
r^j£^?^^__5PJ"_^ the schemata with respect to the boundary between 
competence and performance . :^ 

A third re^uit involves the way iri which formkl principles correspond 
to the schemata that we have developed to represent implicit under- 
standing of the princ[p[cs. We did not formulate a schema fbr under- 
standing of order, another^schema for one-to-one correspondence, arid 
so on. Instead, it seemed more reasonable to hypothesize schemata that 
represent different aspects of the various principles, and bfteri include 
aspects of different principles, if our analysis is accepted, then compe- 
tence for each of the principles is disti-ibuted among several schemata,,- 
rather than being located in any single structure. This emphasizes that a 
child should not be considered as either having or not having competence 
regardirig any of the principles, since it cleirly js possible for the child 
to have developed some aspects of the coinpetence and not others. # 

* We propose bur arialysis of cbmpetence as a hypothesis about princi- 
ples that children uriderstarid implicitly. Our notion of Irnplicit under- 
standing is the same as the id^^^ knowledge, or cognizing, a.s used 

. by Chomsky (1980). the idea is also closely similar to NewelPs (1982) 
discussion of the knowledge of a systprri; which is characterized func- 
tionally (that is, by what it does rather than as physical s^tructiires and 

, their properties) and includes the irhplicatibhs of components that are 

.specified, -^long with the compbrieriti theriiselves. 

_ ?°I^'^*^-jl-^'^_°.f 3^ompe^ gerierailve iri that a single set of com- . 

P°^"3?Mi^J '^P"*^^?^^^^^ be used iri deriving plaririing nets 

for procedures in different task contexts arid with differerit constraints. * 
Howe ver, our analysis i impbrtarit fbrmal prbperty of character- 

izing the class of procedures that are valid withiri a dbmairi bf fDossible 
procedures, anajogous to the demarcation between stririgs that are grarri^ 
matical and ungrammaticai according td the syntactic rules bf a language. 
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The main reason is that we do not haiye a natural characterization of the 
domain of possible procedures comparable^ to the domain of possible 
strings of the Symbols of a language: To develop such a characterization 
does hot seem impossible; it would require specifying some elemenlafy 
procedural components and general relations of composition. However, 
such an activity seems premature at present, pending development of at 
le^st a few analyses in exemplary specific task domains: 

The claim that children have this competence says that they have, 
mental represehtatidns of the principles characterized in the analysis, and 
the principles are used in children's thought and behavior. We view prin- 
ciples, included in conceptual competence as constraints on procedural 
knowledge^ in much the same sense that Keil (1981) has proposed. At 
the same time, it seems uhreasdhable to clSim that the specific forms 
Used in represeritirig the principles and the derivations of procedures cor- 
respond in detai^ to psychblbgical mechanisms. Like Pylyshyn (1973), we 
consider the model of cbr^ipeterice as a formal system that generates 
sequences of performance (in bur case, process models) along with struc- 
tural descriptibps. Newell (1^82) remarked that specification of a system, 
at the knowledge level often lacks a definite mechanism for implementing 
the procedures that use the knowledge. We cbrisider the cbritent of the 
competence in our analysis a plausible set of hypbtheses abbUt children's 
tacit^knowledge, but the way in which the three cbmpbnents bf cbrripe- 
tence are used, in deriving planning nets should be interpreted as a fbrmal 
relation, not necessarily corresponding to cognitive mechanisms. |^ 

The formuiation of j:ompetence that we have deveioped is generally 
similar to the one Piaget gave, §ut ajso d^ in important ways. Like 
Piaget, we~eonclude that an understanding of number reflects a cognitive 
structure that coordinates understanding of sets and understanding of the- 
relation bf order. Ho\yever, there are three important differences. First, 
we make^ihbre generous' attributions to children wlio are able to count 
sets bf objects. Piaget concluded that skill in counting, unlike' skill on 
cbhseryatioh tasks, does not vyarraht attributibh of understanding of 
number; but we, following Gelmah and Gallistel (1978) conclude that it 
dbes. Secbrid, the concept of brie-tb-bhe cbrjespbhdehce has a less fun- 
damental rble in bUr analysis t_hah it does in Piaget's formulation and the 
standard axibmatic analyses. Third, while implicit uhderstaridirig bf set- 

• .The {distinction we have in itiihd is ahalogous^tb one^between Rnowing^a glbbarprbperiy 
bfa physical system and knowing the. mechanism that causes that property to beirue. Fbr 
example, in an electrical circuit Ohm*s and KirchhbfT's laws describe relatibris of v_oUagc. 
r*^^islarice^ and current withpul specifying the mechanism of electricity. Consequences of 
having certain amounts of voltage and resistance: can be computed formally — by arilhrhetic ; 
9^_"^."L^^|PDr~d^"L^hc_se rormal computations do not correspond in any simple way to the 
flow of electric charge throagh circuits. * 



139 



theoretic concepts is significant in our formulation of competence,^ we do 
hot link the development of number concepts to the devefoprnent of an 
explicit and general concept of class. Instead, we link it to development 
of ah uhderstahdihg of cbyhtih^. 

Regardihg attributioh of understanding, Piaget and subsequent inves- 
tigators: have withheld attributing understanding of cardinality until chil- 
dren succeed bri cbriservatmh tasks that require explicit use of one-to- 
one cbrrespbridence to define equivalence. Likewise, children are not 
granted an Understanding of ordinal properties of natural numbers Unless 
they can seriate, which requires cbristriictibri bf ah brdering in space that 
corresponds to another orderirig that must be perceived br measured, 
such as length or weight. And Understanding of number is nbt granted 
P^^P^f" correctly and efTicieritiy in tasks where cardinality 
and order are jointly present, such as determining the Idcatibri of a stack^ 
of a given s[ze iiT a staircase display using the ordinal pdsitibris of the 
stacks rather than counting their sizes. This Piagetian cdnclusidri led to 
the viev/ that very young children's counting is a kind of rote prdeedure, 
not based on^ understanding of what counting or number is abdut. The' 
view of (Salman and Sallistel (1978), which we developed further in this 
^rticle, is that young-children do understand some important numerical 
concepts;. In particular, the competence underlying children's counting 
includes implicit understanding of the principles of cardinality, order, and 
bne-tb-one correspondence, along with principles involving application 
of thes^ cbricepts and significant set-theoretic components of the prin- 
ciples. The cbmpetehpe that we hypothesize provides significant princi- 
pled uhderstandihg bf counting, but our assumptions do not imply that 
children kribw how to apply the principles in all tasks or situations in 
yvhich the principles are heeded for correct reasoning and problem 
solving. We hypbthesize that sucessfijl peformance in the more complex 
tasks used by Piaget requires fijrther cbriceptual develbpment, in which 
Understanding of quantitative cbhcepts becbmes mbre explicit, flexible, 
and robust. 

Regarding one-td-dne cdirespdndence, Piaget follbwed the Ibgicists' 
formal analysis of number, in which dne-td-drie cdrrespdridehce is used 
in defining the concept of number. In dUf hypdthesis bf cditlpetence fdr 
counting, one-to-one correspondence is a properly that results frdm un- 
derstanding of ah aspect of qardinality; we postulate knowledge that two 
equal sets will remam equal if exactly one new me.Tiber is added to each 
of^lhem. ^n this view, cognizance of one-to-one correspondence as zn 
explicit property is not requjred for a p^incigiled understanding of 
counting. For Piaget, one-to-one correspondence is the psychologically 
primitive device for determining whether two sets are equal or not. /the 
formulation that we give is consistent with a conclusion of Gelman and 
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; Gallistel (1978), as well as Evidence reported by Russae (1978), that a 
•boncept of equality of sets that rests on their being; equal in numtber 

. p^recedes a concept of set equality based on one-td-dne cdrrespdndence. 
This implies that ypurig children could determine that two sets are equiv- 
ajerit because they both yield the same eriumeratidn sequence — and thus 
the same cardinal number— and still fail tests that force a reliance dri the 
use of one-to-one cdrrespdndence. . ^ 

, In our discussion here, we have emphasized that sigriificant cdmpe- 
lencij should be attributed to ydiing children in the'ddmain df cdunting 
and number The specific characterization we have given seems apprd- 
priate for children approximately 5 years bid. in industrialized societies. 
. We do not imply that younger children have all of the competence that 
we have characterized, or that children's, competence for number does 
not become more fully developed as they grow older and learn malhe- 
matics in school. " " . 

A significant theoretical problem is the chafacterization of changes in 
children's competence that correspond to the stronger understanding that 
achieve through iearning and development. Important aspects of this 
growth are reflected in^ performance on tasks used by Plaget (1941/1952) 
and analyzed by Klahr and Wallace (1976) in terms of process models. 
Significant information is also provided by performance on more de- 
manding forms of counting (F"as6n & Hall, 1983; Fuson et al., 1?82; Steffe 
& Thompson, 1981; von Glasersfeld, 1981) and knowledge of number 
relations involved in place value and elementat;y arithmetic (Resnick, 
1983; Siegler & Robinson, 1982). 

It is widely agreed that cognitive growth includes increasing accessi- 
bility and differentiation oPcdncep' jal structores. That; is, conceptual 
capabilities cart be used in a wider range of task settings, and a richer set 
df properfies and relatiohshiiJS are included in the structure. In terms df 
our analysis, such changes. could take the forrn of more fuljy developed 
scherriata, of conceptual cpmpcterice, dr they could irivdive increased ca- 
,pabilities for using conceptual cdjrl pete rice, cbrrespdridirig td growth of' 
procedural or ulilizatib rial CO 

RiDzin (1976) has pr-dposbd that impbrtarit aspects of cognitive growth 
can be understood as a process in which implicit knowledge becomes 
more explicit. One way in which knowledge becomes more explicit was 
characterized by Piaget.as reflective abstraction, in which cognitive op- 
erations become objects of thought. The idea that what is implicit in 
y_^?"P?'^^_^'L^/^" becomes more explicit with development provides in- 
teresting suggestions regard[ng the relatidnship, between early xompe-. 
tence and later understanding of quantitative concepts involving both 
one-to-one correspondence and iterative ordinality. We bejieve that car- 
cUrial and cvrdinal concepts are pre^gnt in a unified form in the minds of 

/ 
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very young chHdren^ Succe^ssful performance on tasks such as class in- 
clusion and se^rjation niay require more explicit understanding of these 
concepts^ in niore fully ejaborated forms or with more skill in applying 
the Concepts in a broad range of tasks. Expijcation of concepts such as 
one-to-one correspondence and iterative ordination seem to require a 
process of reflective abstraction about procejjej, which Karmiloff-Smith 
(1979). has discussed. 

Regarding one-to-one correspondence, we note that our account of the 
cbuhting principles requires children to coordinate their tagging and par- 
titioning efforts. The consequence is thSt they establish a bpe-to-one cor- 
respondence between numerals and objects implicitly. However, they 
may riot— indeed, probably do ridt^ — have explicit knowledge of doing 
so as they assign brie and only prie riumeraj lb each object in the display. 
That is, they do ribt have explicit kribwiedge of the principle of onc-to- 
drie cdrrespdridericc arid, thus, that adric-tb-bric cbrrcspbndcncc between 
sets implies thht they have the sariie riumbcrt rid matter what that number 
is. A rcasdhable cdnjecturc is that riuriibcrcdriscryatidri tasks assess ex- 
plicit knowledge of the pririciplc of drie-td-drie cdrrespdridericc. Wheri 
understanding of dne-td-dne cdrrcspdndericc has bccri iri ari apprdpriatcly 
.explicit form, a child can be freed frdrn relying dri enumeratidri wheri 
judging equivalence of sets (Gelman, 1982). 

In summary, we conclude that the nature of ydiirig children's lirider- 
standing reflects competence that suppdrts the understaridirig df cdUnting 
as well as later development such as explicit undcrslanding df the rdie df 
one-to-one correspondence in definitions of equivalence. Although we 
disagree with Piaget .as to when the^ concepts of cardinal and ordinal 
number emerge, we agree that they do not foHow separate lines of de- 
velopment, but rather rcpresent two aspects of a single conccptuai 
system. Tasks can be designed that emphasize one aspect of number,- but 
inferences made from performance on suck tasks should be nriadc with^ 
cauiiqn. taking into account the way in whfch success requires explicit 
forms bf understanding and knowledge of a concept's applicabiiity. 
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